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Abstract. This work is devoted to studying the boundedness on Lebesgue spaces of bilinear mul- 
tiphers on M whose symbol is narrowly supported around a curve (in the frequency plane). We are 
I looking for the optimal decay rate (depending on the width of this support) for exponents satisfying 

■ a sub-Holder scaling. As expected, the geometry of the curve plays an important role, which is 
^ ' described. 

^ , This has applications for the bilinear Bochner-Riesz problem (in particular, boundedness of multi- 

■ pliers whose symbol is the characteristic function of a set), as well as for the bilinear restriction- 
' extension problem. 
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1. Introduction 

1.1. The central question. Pseudo-products were introduced by Bony [3] and Coifman-Meyer [6]; 
we siiall define, and study them, only in the case of bilinear operators. Given a symbol m(^,r/), 
the pseudo-product B„i, acting on functions over M'^, is given by 

Bm{f,g){x):=-^ [ [ e-(«+'')m(^,?y)/(0?(r?)d77de 

m(^-r/,r/)/(^- 77)5(7/) (i77 



(notations, in particular the convention used for the Fourier transform, are given in Section 2). Our 
aim is to study, for d = 1, the connection between singularities of m (on various scales, and along 
any possible smooth geometry) and the boundedness properties of B^. 

A relevant model is the following: consider a smooth curve F C M^, and let 771^ be a symbol, of 
size less than 1, and at a distance e of F. What about the regularity of 777^? A first possibility is 
to simply ask that it varies on a typical length e; one can also ask more smoothness in the direction 
tangential to F: see definitions 1.2 and 1.3 for more precise definitions. 

Question: Set d = 1. For which Lebesgue exponents {p,q,r) G [l,oo]^ and for which functions 
a{e) does there hold 

(1-1) PmJIiPxL'J^L'-' ~ 

or, to put it in a more symmetrical fashion, 

(1-2) \{BmAf,9),h)\<aie)\\fh,\\f\\L,\\fhr ? 

(Typically, a(e) will be a power function with perhaps a logarithmic correction). 

As we will see, answering to the above question contributes to solving the following problems: 

• (Bilinear Bochner-Riesz) Given a compact domain K with a smooth boundary, for which 
p, q, r, K is Bm'^ bounded from x L'^ to L*" , if 771^(7/, ^) = xk{C, v) dist((^, r]),dK)'^? 

• (Bilinear restriction-extension) Given a curve F, for which p, q, r is B^cty bounded from 
LP X L'i to U'l 

(the notations xk and doT are defined in Section 2). 

1.2. Analogy with the linear case. The above questions have clear analogs in the linear case: 

these are the well-known Bochner-Riesz (boundedness between Lebesgue spaces of f ^ fXK dist(-, Si^)*^ 

for K subset of M.'^), restriction (boundedness of / 1— )■ /|r for F hypersurface of M."^) and extension 
(boundedness of / 1— t- fdar) problems. Notice that combining the restriction and extension problem 

gives the transformation / 1— )• fdcr-p, which we called restriction-extension in the bilinear setting. 

The case of dimension 1 only requires very standard harmonic analysis. The case of dimension 
2, which we now address, is more subtle, and the geometry (of K, F) starts playing an important 
role. 

Let us discuss first the Bochner-Riesz problem. By Plancherel, it is clear that Fourier multipliers 
with symbol XK (^^st{-,dK)'^ will be bounded on L^. If IT is a polygon, they will be bounded 
on by appealing to the one-dimensional theory. It came as a surprise that if the boundary 
of K is curved, the corresponding multiplier is only bounded on if p = 2: this is the content 
of the Fefferman ball multiplier theorem [13]. We emphasize that for the linear theory, a key 
dichotomy is flat versus curved boundary of dK. Boundedness of Fourier multipliers with symbols 
(I^P — 1)'^, with K > 0, was characterized by Carleson and Sjolin [5], with different proofs proposed 
by Fefferman [14] and Cordoba [7]. 
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The restriction and extension problems are simply dual to one another. Here again, the key 
distinction is T flat versus T curved: if T is flat, no restriction theorem holds (ie / i— t- /|r is never 
bounded), but if T is curved, restriction properties can be proved. The full restriction theorem for 
the circle is due to Fefferman and Stein [14], with a different proof proposed by Cordoba [8]. 

Let us notice here that many of the above proofs rely on the study of linear operators with 
symbols of the type described above: m^{i],(^). 

The Bochner-Riesz or restriction problems in higher dimension d > 3 are still open, we refer to 
the monographs by Stein [36] and Grafakos [17] for an introduction. 

1.3. Known results for the bilinear case. Much of the research on bilinear operators has 
focused on boundedness between Lebesgue spaces at the Holder scaling: from LP x L'^ to L'' , with 

p ' q r 

The first results, obtained by Coifman and Meyer [6], allowed for a singularity localized at a 



point: the symbol m satisfies a Mikhlin-type condition 



(|^|+|r,|)|a|+i,3| ■ Then Br, 



is bounded from x L*^ to if 1 = - + - + -, and 1 < p,q,r < oo. For another result on 
boundedness with a singularity at a point, see Gustafson, Nakanishi and Tsai [22], and the version 
of their result in Guo and Pausader [21]. 

The bilinear Hilbert transform corresponds to taking d = 1, and for m the characteristic function 
of a (perhaps tilted) half-plane: m is singular along a line. The celebrated results of Lacey and 
Thiele [27, 28, 29, 30] gave boundedness of Bm from x L'^ to with 1 < p,q < oo and 
0<^ = | + |<|. These results were later extended by Grafakos and Li [19, 32] to cover the 
case where m is the characteristic function of a polygon. We refer the reader to [1], where the 
first author proved boundedness for particular square functions built on a covering of the frequency 
plane with polygons. 

Finally, let us discuss the case where m is the characteristic function of the ball: the singularity 
is now localized on a curved set. Diestel and Grafakos proved that the characteristic function 
of the four-dimensional ball is not a bounded bilinear multiplier operator from LP{]R?) x L'^(M?) 
into U' (E?) outside the local L^-case, i.e. when 1/p + 1/q + 1/r = 1 and 2 < p,q,r < oo fails. 
Conversely, it was shown by Grafakos and Li [20] that the characteristic function of the unit disc 
in is a bounded bihnear multiplier on L^'(R^) x L'J(R^) into U' (M?) in the local L^-case. The 
corresponding problem in higher dimension remains unresolved. The positive results of boundedness 
can be extended to ellipses. 

Let us point out that the easiest case, i.e. for p = q = r = 2 can be directly studied with 
Plancherel inequality. This very particular setting has been involved with the use of X*'^ spaces, 
and also has been extended for less regular symbols to the so-called "multilinear convolution in L^" 
by Tao in [37]. 

1.4. Obtained results. While the previously cited works deal with the critical (and more com- 
plicated) case where the exponents p,q,r G [l,oo] satisfy the Holder scaling 1 = ^ + | + |) and 
sometimes allow for Lebesgue exponents less than one, we shall also assume in this whole article 
that 

1 < p,q,r < oo, 
and extend attention to the "sub-critical" range 

(1.3) l<i + l + i. 

r p q 

What are the important geometric features of F as far as boundedness of B^^ is concerned? As 
will be illustrated in the following theorems, the crucial point is actually whether F has tangents 
parallel to the axes = 0}, {t] = 0}, and {S. + 1] = 0} axes. 
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Definition 1.1. Given a smooth curve T in the {(,,1]) plane, its characteristic points are the points 
where its tangent is parallel to the = 0}i {?? = 0}, or {.^ + = 0} axes. We call T characteristic 
(respectively, non-characteristic) if such points exist (respectively, do not exist). 

The best bounds for are obtained if T is non-characteristic; the next best thing is when the 
set of characteristic points is finite, with non zero curvature of F; and the worst possibility is of 
course when a piece of F is a segment parallel to one of the axes rj, oi + rj. 

It is worth noticing that, as opposed to the linear case, the curvature of T does not play any 
role per se, but only because a non zero curvature prevents the points close to a characteristic 
point of being too close to characteristic themselves. In particular, at non-characteristic points, it 
is indifferent whether T has a curvature or not. 



Before stating our theorems, let us define the regularity classes for which we will use. The 
first class only requires to be supported in an e- neighborhood of T, with derivatives of order K 

Definition 1.2. The scalar-valued symbol me belongs to the class if 

• r is a smooth curve in M?. 

• is supported in B{0, 1), as well as in a neighborhood of size e of T. 

• d^di^me{(,,r]) < for sufficiently many indices a and (3. 

The above class turns out to be too weak in the following case: F characteristic, with a non- 
vanishing curvature, and nearly Holder exponents. Then more tangential smoothness is required: 
this is the point of the next definition (which could be weakened a lot, but appropriate conditions 
would then become too technical). 

Definition 1.3. Close to F, it is possible to define "normal directions" simply by prolonging the 
normals to F, and "tangential directions": these are lines whose tangents are everywhere orthogonal 
to normal directions. If v is the distance function to F, Vi^ can be considered as the direction of 
the local normal coordinate and (Vz^)-*" as the direction of the local tangential coordinate. We are 
interested in symbols satisfying a nice behavior in the tangential directions given by (Vz/)-*-. 
For a vector X, define 

dx ■.= x- V. 

The scalar-valued symbol belongs to the class Af^ if 

• F is a smooth curve in R^. 

• is supported in B{0, 1), as well as in a neighborhood of size e of F. 

• for sufficiently many indices a, /3 



We now come to the obtained results; though we do not always state them in an optimal way for 
the sake of concision and clarity. The interested reader can refer to sections 5, 6, 7, and 8, where 
the precise statements are given. Moreover, Section 3 contains extensions to rough curves F (as 
soon as they satisfy some rectifiability and Ahlfors regularity properties). 



1.4.1. The non- characteristic case. 

Theorem 1.4 (Corollary 8.3). Assume that F is nowhere characteristic, and let belong to ; 
consider p,q,r in (l,oo). Then 
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r l<i + i + i<2 

— p q r — 



• If { 



1 I 1 < 3 
r ^ q — 2 



, then \\Bm^\\yp jq jr' < ep i , and this exponent of t is 



q- 2 

1 + 1 < 3 
p ^ r — 2' 



1 I 1 



optimal. 

{q > 2 > p,r 
1 _L 1 > 3 , then \\BmMLPxLi-^L-' - e^"^'' 
p r — 2' 

• The above statement of course remains true if the indices (p, q, r) are permuted. 

• // I 1 T 1 > 2 ' then \\Bmt\\LPxLi-^L''' ^ ^ ^''^'^ ^^^"^ bound is optimal. 

L p ' q ' r — 

The three cases distinguished in the above theorem cover the full range 1 < p,q,r < oo. The 
bounds are optimal except in the second case. Optimality extends to symbols in the smoother class 
A^^, and this will also be the case in the next theorems when optimality is stated. 

The proof of this theorem can be found in Section 8, where the interpolation between endpoint 
type results obtained in sections 5 and 6 is performed. The optimality statements follow from 
Section 4. 

1.4.2. The non-vanishing curvature case. In our first theorem, we only assume that £ . 

Theorem 1.5. Assume F has non-vanishing curvature, and let belong to TWf; consider p,q,r 
in (1, oo). Then 

• Ifp,q,r > 2, then \\BmJ\iPy^Lq^ir' < ^ ^ and this power of e is optimal. 

, then \\BmA\LPxLi-¥D-' ~ ^ ^ ' ^ ' f^"^ ^^^2/ ^ > ^- The above power 

p,r < Z 

of e is optimal up to the additional 5. 

• The above statement remains true if the indices {p, q, r) are permuted. 

1115 

• // — I 1 — > —, then \\Bm. WrpxTq-s^jr' ^ £ Oj'^'d this bound is optimal. 

p q r 2 ^ 1. XI. 

• If { 3^1,1,1/5 , then \\Bm, WlpxLi^v' < eHp « - 2 J , for any 5 > 0. 

I 2 — p^q^r — 2^ 

The above theorem only leaves out the case where exactly one of the three Lebesgue indices is 
less than 2. The bounds stated are optimal except in the last case above; see Section 1.5.1 for some 
improvements in this direction. 

In order to cover the remaining cases, more tangential regularity from is needed: we will now 
assume that it belongs to Af^ . 

Theorem 1.6. Assume F has non-vanishing curvature, and let belong to ; consider p,q,r 
in (1, oo). 

{p<2 , . 

q>r>2 then ||^mJliPxL9-+L'' ^ ^ ^ " f^"^ "■'^V ^ > 0, and this is 

i + i > 1 
p r 

optimal up to the additional 5. 
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If { 



i + i < 1 

- + - < 1 , then ||-BmJliPxL'j-s>L'-' ^ ep i ^ for any 6 > 0, and this is 
i + i + i > 1 

p ' q ' r 

optimal up to the additional 5. 

• The above statements remain true if the indices {p, q, r) are permuted. 

The three cases distinguished above do not completely cover the range where exactly one of the 
three Lebesgue indices is less than 2. We refrained from giving bounds for any (p, r) since the 
obtained formulas become too complicated. 

As for Theorem 1.4, the two theorems above are proved by interpolating between the results of 
sections 5, 6 and 7, and the optimality statements follow from Section 4. This procedure is however 
not detailed, since it is very similar to Theorem 1.4. 

1.4.3. The general case. 

Theorem 1.7 (Theorem 8.1). Let V he an arbitrary curve, and let belong to A^f ; consider 
p,q,r in (l,oo). Then 

• If p,q,r > 2 and verify (1.3), then ||i?mJliPxL9-5.L'-' ^ '^^^ ^^^-^ power of e is 
optimal. 

• // at least two of the three indices {p,q,r) are smaller than 2, then \\Bmc\\LPxLi^L''' ^ 
g™^(p'9'^^)^ and this power of e is optimal. 

Of all possible values for {p,q,r), the previous theorem only leaves aside the case where exactly 
two of the three indices {p, q, r) are greater than 2. Once again, it can be obtained by interpolating 
between the results of sections 5, 6, and using the optimality criteria of Section 4. 

Remark 1.8 (Holder case). Overall, when do we get the expected bound of order 1 for B^, when the 
exponents 1 < p,q,r < oo satisfy ^ + ^ + 7 = 1? In two cases: either when T is non-characteristic, 
or when p,q,r > 2. If T has non-zero curvature and E AAj, then we are able to prove that 
has a norm ~ from LP 'k L'^ ^ L^' with p— )-Oas ^ + | + f approaches 1 from above. We believe 
that the techniques developed in this paper can lead to the same result for arbitrary curves T. 

1.5. Applications. 

1.5.1. Bilinear restriction- extension inequalities. The limiting point of view (when e goes to 0) 
can be partially described in term of "bilinear restriction-extension" inequalities. It is said that a 
curve r satisfies such inequalities for exponents {p,q,r) G [l,oo]^ if for every smooth, compactly 
supported function A, the bilinear multiplier B^ is bounded from L^ x L'^ into with m = Xda^ 
and dar the arc- length measure on T (carried on this curve). 

It is easy to see that if (1.1) holds for p,q,r with a(e) < e then the operator Bx^ar inherits this 
boundedness. Indeed, it can be realized as the limit of the operators with symbol {\dar)*x{^~^ ') ^ 
with X a function in Cq^ with integral 1. In other words, F satisfies then a {p, q, r) bilinear restriction- 
extension inequality. 

Thus we deduce from theorems 1.4 and 1.5 that if F is non-characteristic, then Bda^^ is bounded 
for p,q,r > 2 and - + - + - > 2; whereas if the curvature of F does not vanish, the condition 

j'Ji) — p ' q ' r — ' ' 

becomes ^ + | + 7 > |- 

This last condition is improved in Section 9. Moreover, still in Section 9, the relation between 
a bilinear restriction-extension inequality for exponents {p,q,r) and the property (1.1) for a decay 
rate Q(e) = e is investigated. We shall prove that these are equivalent for specific symbols of 
the class A/T . 
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1.5.2. Bilinear Bochner-Riesz problem. In Section 10.1, conditions on a compact set and a real 
number A > 0, are deduced such that the operators with symbol 

XKii.r]) or XK{i,r})dist{{i,r]),dKY 

are bounded from LP x L'^ to U' . 

As usual, this has the consequence, if Int(-ft') contains 0, and if we denote \K for the dilation of 
K around by a factor A, that 

if xL-? andi + i = ^. 

1.5.3. Singular symbols. In section 10.2, results on boundedness over Lebesgue spaces of operators 
with symbols of the type 

$(^,r/)dist((e,r?),r)- 

(where $ € Cq°, V a smooth curve, and a a positive number) are given. 

Recall that Kenig and Stein [26] derived sharp results in the same spirit in the case when F is a 
line; in this specific situation, the bilinear multiplier Bm^ can be represented by bilinear fractional 
integral operators. These authors were able to deal with Lebesgue exponents less than 1. 

1.5.4. Dispersive PDEs. This paragraph is devoted to explaining one of the motivations for the 
study of our multilinear multipliers. 

Let us consider the following dispersive PDE, with a real symbol p : 

dtu + ip{D)u = B„i{u, u) 
u{t = 0) = Uq. 

where we follow the above notation in denoting Bm for the pseudo-product with a symbol m; of 
course other nonlinearities can be dealt with in a similar way. For instance, the nonlinearity of 
the water-waves problem can be expanded as a sum of pseudo-product operators: see [16]. Or it 
is well-known that a nonlinearity H{u) can for many purposes be replaced by its paralinearization 
H{u{t, .)) ~ 7^H'{u{t,.))iu(t, .)): see the seminal work of Bony [3]). 

In order to understand how u behaves for large t, in particular whether it scatters, let us change 
the unknown function from u to 

fit,x) = e''P^^^[uit,.)]ix), 

so that the PDE becomes 

dtf = e''P'^'''>[Bra{u,u)] = e**f(^)[B„(e-^*^'(^)/,e-^*f(^)/)] 
and integrating in time gives 

fit, x) = uoix) + f e''P^''^BMs),u{s)){x) ds 
Jo 

(1.4) =uo{x) + J^ J y"e^^-(«+'')e*''[P(«+'')-P('')-^'(«)]/(s,e)/(s,??)m(e,r/)d^d??ds 

we isolate in the right-hand side the oscillations in the term e*!^'*"*)*''^^^''')"'**''^'')"*^^^)] . With the 
phase function given by (^(^, ij) := p(^ + v) ~ P{v) ~ P(C)) we get 



(1.5) /(t,x):=no(x) + e-^*P(^) 
So 



t 

' ei'Hi+v)^ism,r,)f(s,^)f(s,n)m(i,v)dEd'nd {x)s. 



fit) = UQ + e 



-itp{D) 



Te^s.Prnif{s),f{s))ds 



8 



FREDERIC BERNICOT AND PIERRE GERMAIN 



Understanding the bihnear quantity above (for / G L'^L'P) is of crucial importance. Let us consider 
first that / is independent of s, which corresponds to examining the interaction of two hnear waves. 
But the bihnear operator 

(1-6) {f,9)^[ B^^s^^{f,g)ds 

Jo 

has symbol ; — which, under suitable assumptions on 0, fits into the previous setting, relatively 

i(p 

to the curve F := (/)^^({0}). We refer the reader to [2] (Section 9.3) for a first work of the authors 
concerning such bilinear oscillatory integrals. There, the proofs are based on decay in s due to the 
assumed non-stationary phase (f) and the set V = (/)~^({0}) did not play any role. Here we propose 
a more precise study in the one-dimensional case and when the symbol is supported near the curve 
r. We shall describe boundedness of bilinear quantities appearing in (1.5) and (1.6), see Subsection 
1.5.4. 

2. Notations and Preliminaries 

2.1. Some standard notations. We adopt the following notations 

• A < B \i A < CB for some implicit, universal constant C. The value of C may change 
from line to line. 

• Ar^ B means that both A<B and B < A. 

• If ii^ is a set, xe is its characteristic function. 

• The "Japanese brackets" (•) stand for (x) = \/l + x^. 

• If r is a rectifiable curve, dor is the 1-dimensional Hausdorff measure restricted to T and 
for e > 0, we set for its e-neighborhood 

r, := {e G d{x,T) < e] . 

• for the one-dimensional Hausdorff measure. 

• The standard scalar product is denoted (/ , g) := J^d fg- 

• If / is a function over then its Fourier transform, denoted /, or is given by 

m = mo = I e-^m dx thus m = ^ / e-q{o d^. 

In the text, we systematically drop the constants such as ^2^)^/2 since they are not relevant. 

• The Fourier multiplier with symbol m{^) is defined by 

m{D)f = T-^ \mTf\ . 

2.2. Some harmonic analysis. Let us now recall some useful and well-known operators on M. 
Definition 2.1. For s > 0, the fractional integral operator of order s > is defined by 

Isif){x) ■.= x^ [ fiy)\x-yr'dy. 



For s = 0, /q is not defined since 1/| • | is not locally integrable, so we consider the right substitute: 
the Hardy-Littlewood maximal function: 



M{f){x):=sup^ [ \f{z)\dz. 

r>0 Jb{x,t) 



For s > 1, we set Ms for its L'^-version defined by Ms{f ) = [M{\f\'')Y/'^ . 
These operators are bounded over in Lebesgue spaces. 
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Proposition 2.2. Let s G (0, 1) and let 1 < p < q < oo satisfying 

1 1 _ 
P Q 

Then Is is bounded from to L'' (see [23]). For all s > 1 and p G (s,cx3], Ms is L^-bounded. 

We recall the boundedness of Rubio de Francia's square functions (see [35]): 

Proposition 2.3. Let 2 < p < oo and I := be a bounded covering of R. Then the square 

function 

1/2 



is L^ -bounded. The non- smooth truncations vr/. can be replaced by smooth ones. 

2.3. Bilinear multipliers. Let us recall some usual facts about bilinear multipliers. To a symbol 
m G 5(M^)', we can define in the distributional sense the following bilinear multiplier : 

Trn{f,g){x):= [ e'-^^+^^mg{r])m{tr])dCdr^. 



It is well-known that reciprocally, any translation invariant bilinear multiplier which is bounded 
from 5(]R) x 5(M) into 5(]R)' can be written in the previous form. 

Seeing things in physical space, the bilinear operator Tm. can be represented as 

(2.1) B^Sf,g){x) = V2^J J me{y - x,z - x)f{y)g{z) dy dz. 

3. The setting of rough curves and extension of the results 

In this subsection, we define some notions of rough curve, allowing us to extend the results. We 
first recall the notion of rectifiable and Ahlfors regular curve, which will then support a measure. 
Then, we precise some of our results which still hold in this general setting. 

Definition 3.1 (Rectifiable curve). A rectifiable curve is the image of a continuous map 7 : [0, 1] — t- 
with 

n 

length(7) := sup V \-i{tj) - 7(tj_i)| < 00. 

We refer the reader to [9, 11] for more details concerning rectifiable sets. If T is compact then it is 
a rectifiable curve if and only if it is connected and has a finite one-dimensional Hausdorff measure. 
Then, it is well-known that we can construct a finite measure da^ (corresponding to the measure of 
the length) on F such that duY is equivalent to ?^|p (the restriction of the one-dimensional Hausdorff 
measure to the set F). For any measurable subset E (ZT 

ar(E) ~ nUE) = lim inf V diam(;7i) 

diam{(7j)<(5 i 

where Ui are open sets. 

Definition 3.2 (Ahlfors regular curve). A continuous curve F C is said Ahlfors regular if 

(3.1) sup sup ^ ^—L^ < 00. 

zer £6(0,1) e 
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For e < length(r) and z £ T, then there exists a part of T of length larger than e included into 
B{z, e), so we obviously have 

(3.2) l<mf .up «'(rnB(...))^^^ 

e<length(r) £ 

We refer the reader to [9] for the analysis of and on such curves, satisfying these regularity. 

Proposition 3.3. Let T be a continuous Ahlfors regular curve. Then there exists a sequence of 
symbols G for e > such that e~^?ne weakly converges to dar in the distributional sense. 

Proof. First since F satisfies (3.1), it is obvious that F is a rectifiable curve and so admits a arc- 
length measure (denoted dar). Moreover it is easy to see that (3.1) self-improves in 

ON ■H\rnB{z,e)) 

(3.3j sup sup < oo 

zeM2 ee(0,l/2) £ 

Let choose a nonnegative smooth function x : — ^ 1^ supported on -6(0, 1) with J^2 x{x)dx = 1. 
Then for e E (0, 1/2), we consider the following symbols 

/" 1 / X — y\ 

m,(x) := -x{ dar{y). 



/r e V e 

It is easy to see that is supported on F^ and for all a G 



II II / ^\a\ Crr{B{x,e)) 

\\d rn,\\^ < e I I sup 

nHrnB{x,e)) ^ 

^ e I I sup ^ f I I. 



where we have used (3.3). Consequently, the symbol belong to A4^. In addition, for a compactly 

'0 



smooth function / G C^(]R^), we have 



e ^ / m^{x)f{x)dx = [ f{x)x (- — -] 

f{y + ez)x{z)dxdar{y)dz. 



'rxR2 

Hence, since / is uniformly continuous and compactly supported, we easily check that 



linie ^ / m^{x)f{x)dx = / fiy)dariy) 



e-S-O 

thanks to the L^-normalization of x- That concludes the proof of the proposition. □ 

Lemma 3.4. If T is a rectifiable curve of finite length then there exists a constant cr such that for 
small enough e > 

|F,| < ere. 

Proof. Consider e small enough with respect to the length of F and choose a nonnegative smooth 
function x : — ^ 1^ supported on B{0, 1) with xi^) = 1 ^or \x\ < 1. For all z G F^, we have 

1 /■ fz-y\ r / N ^HFnS(z,2e)) 
However since z £T^, there exists x £ T B(z,€), hence 

nHr n b{z, 2e)) > ^^^(f n b{x, e)). 
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Since e is assumed to be smaller than the length of T, it follows that there exists at most a part of 
r of length larger than e included into B{x, e). We also deduce that 



|r.l< / - / x(^]dar(y)dz 



Consequently, 

irA< [ i 

where we have used that T has a finite length. □ 

Then, to extend the results, we have to perform a suitable decomposition of the curve. We also 
introduce the two following notions : 

Definition 3.5. Let F be a Ahlfors-regular curve in M?. Then consider vri, 7r2, vra, respectively the 
orthogonal projection on the degenerate line {r] = 0}, = 0} and {£, + i] — 0}- The curve F is 
said to have "finitely bi-Lipschitz projections" if T can be split into several pieces (rj)j=i,. jv with 
for every i, a bi-Lipschitz parametrization of iri^iTi) for at least two indices k S {1,2,3}. 

We know that an Ahlfors-regular curve can be split into bi-Lipschitz parametrized pieces. Here 
we required that these pieces have bi-Lipschitz parametrization through some projections. 

Obviously, smooth curves satisfy this property, as well as polygons. We point out that some 
Ahlfors-regular curves (even with a finite length) may not respect this property, for example consider 
a logarithmic spiral. 

Definition 3.6. A Ahlfors-regular curve T in is said to be nowhere characteristic if there exists 
a constant c such that for all real t G M, for every characteristic angle 9 G {0, 7r/2, 37r/4} and all 
small enough e > 

(3.4) n^T n {(e, r/), t < C - tan{e)r] < t + e}) < ce. 

This assumption describes that the curve F has no tangential directions (Ahlfors regular curve 

admits almost every where a tangential vector) which would be characteristic. 

It is easily to check that a nowhere characteristic curve has "finitely bi-Lipschitz projections". 

With these two notions, we let the reader check the following possible extensions (we only give 
a sample of these). 

Proposition 3.7. We can extend the results as follows : 

• Let T be a Ahlfors regular curve in having "finitely bi-Lipschitz projections" (not neces- 
sarily bounded) then for p,q,r G [2, oo) there exists a constant c such that for all symbols 

G M^, 

-+-+--1 

• IfTis nowhere characteristic then we can allow one of the three exponents to be lower than 
2. 

• Let F be Ahlfors regular, nowhere characteristic, then bilinear Fourier restriction- extension 
inequalities still holds for ^ -\- ^ -\- j, > 2 (since (1.1) is true with a{e) ^ e). 

Indeed, the technical point relies on this following lemma, which gives a suitable decomposition 
at the scale e : 
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Lemma 3.8. Let T be a Ahlfors regular curve in having "finitely bi-Lipschitz projections" (see 
above Definition 3.5) and fix e > 0. Then there exist a number N (independent on e > 0) and N 
collections of balls Bj := {B{zi,e))i^j^ with Zi £ T satisfying the following property: 
Let us write Lj-, Lj- and Lj- intervals of length equal to 2e such that for all i S Lj 

(3.5) {(C,??,C + r?),(C,??) G^(^i,e)} C/],, x/|,x/|,. 

For Z = 1,2 and I = 3, there exists a subset /j C Lj such that Lj = /| LI Lj LI Lj and for each 
I G {1,2,3} and k G {1,2,3} \ {/}, the intervals {Lj^)^^ji are disjoint. Here the constant N is a 
numerical constant, independent with respect to e. 

We let the details to the reader. The proof is a direct consequence of the geometrical assumptions 
"finitely bi-Lipschitz projections". Lideed if the curve T is only assumed to be bi-Lipschitz, then 
by considering 7 a bi-Lipschitz parametrization, we have that I2; — y| ^ |7(a^) — 7(y)| for all x, y. It 
follows that for at least two integers k,k', \x — y\ < |7rfc(7(x)) — '^ki'yiy))\ (we recall that vr^ is the 
projection on one of the degenerate lines). The main difficulty is that these two integers k, k' may 
depend on the couple (x, y). The geometrical assumption allows us to deal with same integers k, k' 
for all points x, y. 

4. Necessary conditions and the specific case of a straight line for F 

4.1. Necessary conditions. It is well-known that multilinear multipliers (commuting with the 
simultaneous translations) cannot loose integrability. So any bilinear multiplier can be bounded 
from L'P X L"^ into L^' only if 

1 1 1 

- < - + - 
r p q 

which corresponds to (1.3). 

Remark 4.1. Next notice that, since F is compactly supported, (1.1) holds for {p,q,r,a{e)) if it 
does hold for {P,Q, R,a{e)) with p < P, q < Q and r < R. Thus our job will be to push indices 
up ! 

Let F be a smooth and compact curve in M^. Let us recall that we are looking for exponents 
p,q,r £ [1,00] verifying (1.3) and function a(e) such that for small enough e > 0, any symbol me 
in the class or Af^ gives rise to a bilinear multiplier with 

(4-1) ll^mJlLPxL'J^L'-' ^ "(e)- 

This subsection is devoted to describe some necessary conditions. 

Proposition 4.2 (Necessary conditions). Assume that € , > 0, and = \ on a (non 
empty) curve F' C F. With p,q,r verifying (1.3), for (4-1) to hold, it is necessary that 

(i) "(e) ^ e (for any T), 

-+-+-— 1 

(ii) "(e) >ep 1 - (for any T), 

(iii) a{e) > e 2^ 'j^ 2\p^ r j^" forS>0 (if T' has non -vanishing curvature and has, in the 
coordinates {Ct]), a tangent which is parallel to the axis). 

(iv) a(e) > ep (if m^{^,rf) = x x(^)i with x a smooth function, equal to 1 on B{0, 1), and 
outside of B{0,2)). 

Proof. Let consider a suitable nonnegative symbol m^. (i) Take R such that Supprrie C B{0,R), 
and /, g, and h in 5(M) such that f = g = h = 1 on -6(0, WR). Then an obvious computation 
with Lemma 3.4 give 

{BmSf,9),h) ^e, 
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(ii) Assume that V goes through (0,0), and take /, h m S{M.) such that f,g,h > and 
Supp/, Supp^, Supp/i C B{0, Y^). Define then 

f = efie-), g' = eg{e-) and h' = eh{e-). 

Then obviously 
whereas 



II/Ilp Wfhi Wh'h- ~ ^ 



this gives the bound on a. 



{in) We only treat the case where p,q,r > 1, a, small modification being needed if one of the 
exponents is 1. With the hypotheses made on T' , this curve can be parameterized in some region 
by ry = with (p' vanishing at a point, (j)'{Co) = Oi but 4>"{^o) 7^ since the curvature of V does 
not vanish. For simplicity, we shall assume that 0'(O) = 0, and 4>"{0) = 1. The test functions we 
will use read 

m = ^ , ?(0 = ^ and MO = J^, 
where $ G Cq° is non negative and does not vanish at 0, and 

a = 1 , = 1 and c = 1 

p 3 9 3 9 3 

for some small 6 > 0. It is easy to check that /, g, and h belong, respectively, to L'^, L'', and L^. 
Next we want to estimate {Bm^{f,g) , h). For some appropriate constant cq, 

{BmAf.9).h)= f f m,{i,r,)mg{r^)h{-ii-i)diidi> j [ A^J-^^^dT^d^ 

J J J\v\<coeJ\ihcoV~e\^\ \W\^ + Vr 

An easy computation gives then 



1 I 1 I 1 / 1 I 1 



which is the desired result. 



(iv) With me = X (fj BmAf\9) = X (f ) fx{D)g. Choosing in the Schwartz class 

with Fourier transforms localized in B (O, set furthermore = /(e-). Then 

< ' ^ >= / ^ /(O) y as e ^ 



whereas 



II/IIlp IblU^II/lIU'- = e HI/IUp|l5l|L9||/l||Lr-. 



This implies immediately {iv). □ 
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4.2. Necessary and sufficient conditions in the case = [Adur] *e ^Xe- We assume in this 
subsection that 

= [Xdar] * e~^Xe, 

where Xe = x{^~^') ^ smooth, nonnegative function, supported on -6(0, 2), equal to one on B{0, 1); 
A belongs to C^; and dor is the arc-length measure on the smooth curve T. Notice that this type 
of rrie belongs to A^^; and it belongs to AfJ' if A = 1, F = S^. 



Proposition 4.3. 



(i) Let = dar * e ^Xe- Then if the curvature ofT does not vanish, 

e if 2 <p' < oo 



e-v/— log e if p' = p = 2 
gi/2+i/p ifKp' <2 



(ii) We have the restricted type estimate at the point (1, 1,2).' for any three sets F, G, and H, 

\{B^AXF,XG),XH)\<e\F\\G\\H\^'\ 

(iii) If T is non- characteristic on SuppA, the only change to (i) is the point (1,1,2) which 
becomes 

ll-^rn.JlLixLl^L2 ~ €. 

The curvature of the curve F can be used via the following result (we move the reader to Section 
3.1 Chap VIII of [36] for details on this topic), the proofs rely on the study of oscillatory integrals. 

Lemma 4.4. Assume that T is a smooth curve in M? with a non-vanishing Gaussian curvature. 
Then for all compactly smooth function m R^, we have 



A^^^+^^^)^{^^r,)d(Jr{i,ri) 



where dar is the carried surface measure on F. 

Proof. Another expression for ||i?mJliixLi->Lp' Suppose i? is a general bilinear operator with a 
kernel K{x, y, z) which is smooth and decaying at infinity: 

B{f,g){x) = j I K{x,y,z)f{y)g{z)dydz. 

Then 



(4.2) 



\B\ 



sup||i^'(-,y,2;)||L9. 



y,z 



The first side of the above equality is straightforward: 



\B{f,g){x)\\L. 



Kix,y,z)f{y)g{z)dydz 



< 



sup \\K{x,y,z)\\L, 



LillS'llii- 



Li 



To see the other direction, let (/„) = (n^^(/) (-)), with G C^, be an approximation of the Dirac 
delta function: this sequence has constant norm 1 in L'^, but converges to 6 weak-star in the sense 
of bounded measures. Then 

Bifni- - yo), fni- - zo)){x) K{x, yo, zq) in as n oo 

This implies H^HlixLI-s^l? ^ ll-f^("5 l/Oj -20)1^9, hence the equality (4.2). Translating (4.2) in the 
context of our problem, this gives 

(4.3) \\Bm,\\Li^L^^Lp' = sup||m,(y - x,z- x)\\^p> . 

y,z 
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Estimates on the convolution kernels It is well-known (see Lemma 4.4), that, if the curvature of T 
does not vanish, we have the bound 



Xdar{x) 



- (a;)i/2 



for X in 



Furthermore, examining further the stationary phase argument which gives the above, we find the 
following: suppose that the normals to F on SuppA span a subset \a,/3] of Then if i^^^'^^^, 
belongs to [a + e, (3 — e], for a small e, 

1 



Xdar{x) 



~ (a;)i/2- 



On the other hand, if does not belong [a — e, /3 + e], for a small e, 



Xdar{x) 



< J_ 



Finally, recall that 

T[Xdar] * e~^Xe = J^iXdar] ex(e-)- 
The above bounds, combined with (4.3), give the desired bounds, except for the restricted type 
estimates, to which we now turn. 

The restricted type estimate For these estimates, we argue with the physical space version of -Bme- 
Recall = Xe * dar ■ Thus 

m; = eXdavXe- 

Since x is in the Schwartz class, so is xi since F has a non-vanishing curvature, it is well known 
that 



XdaviX) 



1 



Thus 



This implies 



\mJX)\ < -^=. 



\fne{x -y,x - z)\<e 



1 



< 



Therefore, 



(4.4) 



\{BmSXE,XF) , Xg)\ <e j j j 



yj{{x-y,x- z)) yj{{x-y,z-y)) 
1 



< e|F| sup 
y 



a/((x -y,z- y)) 



1 



XF{y)XG{z)xH{x) dx dy dz 



--XG{z)XH{x)dxdz 



^/{{x -y,z- y))' 

By symmetry in y, the desired estimate will be a consequence of the inequality 

^ -.XG{z)XH{x)dxdz<\G\\H\^'\ 



But this inequality follows from 

1 



(4.5) 



Xg{z)xh{x) dx dz < j xg{z 
<\G\ 



'{x) 



Xh{x) dx dz 



V(x) 



dx < \E\\F\^/^. 



□ 
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4.3. The specific case where F is a line. Consider a symbol of the type m^{^,ri) = x 
with X ^ smooth function supported in B{0, 1). Such symbols belong to A4^ relatively to the line 

r:={(e,^), e = A7?}. 

The degenerate lines are those corresponding for A G {0, —1}. 
4.3.1. The non- characteristic case. In that case, we have 

BmM,9){x) = / ex{ey)f{x + y)g{x- Xy)dy 

JR 

thus 

(4.6) {Bra, (/, g), h) = / €x{ey)f{x + y)g{x - \y)h{x) dydx. 



Proposition 4.5. If X^^ 0,-1 then 

(4.7) \{TmSf,9),h)\<e^mLA\9\\L4h\\Lr. 
holds if and only if 

1 1 1 
l<p+l = - + - + -<2. 
p q r 

Proof. Let us just point out some easy observations, whose proofs we leave to the reader. 

(1) First of all, the scaling imposes /3=| + | + i — 1. 

(2) We already have explained that necessarily | + | + ^ > 1. 

(3) Next, the exponent | + | + 7 — 1 cannot be larger than 1; otherwise you get a vanishing 
limit as e goes to zero for the "restriction problem" . 

(4) It is easy to see (by Young's inequality) that (4.7) holds for | + | + ^ = 1 if 1 < p, (7, r < 00 
(with /) = 0). 

(5) Finally, the case | + | + ^ = 2 with 1 < p, ^, r < 00 and p = 1 follows easily from (4.6) by 
Holder's inequality with respect to x and then Young inequality. 

Interpolating between the two last points, and taking into account the necessary conditions derived 
above, ends the proof. □ 

4.3.2. The characteristic case. Let us now consider one of the degenerate lines, for instance when 
A = 0. In that case, we have 



TmSf^g) 

and so 

{TmAf,9),h) 



X(f )/ 



9 



gh. 



Proposition 4.6. If X = then 

(4.8) \{TmSf,9),h)\<e''\\fh49\\L4h\\Lr. 
holds if and only if 

111 ,11 

1<P+1 = -H h-<2 with - + -<1. 

p q r q r 

We do not detail the proof. Indeed points 1 to 4 of the previous proof remain valid. Furthermore, 
it is easy to see that the following condition in necessary: | + ^ < 1. Finally, it is easy to see that 

the case {p, q, r) = (1, q, r) with | + ^ = 1 is admissible, which allows us to conclude. 



boundedness of bilinear multipliers whose symbols have a narrow support 
5. The local-L^ case with finite exponents 
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Let us first study the case where the three exponents p, 5, r belong to [2, 00). 

Proposition 5.1. Consider T a compact and smooth curve. Let p,q,r G [2, 00) be exponents 
satisfying 

1 1 1 
2s :=- + - + - - 1 > 0. 

p q r 

Then there exists a constant C = C{p,q,r) such that for every e > and symbols G Ai^ , then 

||T™.(/,<7)IL.' < Cep+i+^-'ll/llLplbllM. 
Moreover, Proposition 4-2 implies that the decay in e is optimum. 

Proof. First, the domain can be covered by balls of radius e with bounded intersection. A 
partition of the unity associated to this covering allows us to split the symbol as follows : 

rUe = rn\ 

where for each index i, ml is a symbol satisfies the same regularity as and is supported in a ball 
of radius e. Let us write if and if for intervals of length comparable to e such that 



{{^,V,^ + V),<{^,v)^0}cllxlfxlf. 



For J an interval, we write Aj the Fourier multiplier associated to the symbol (pj (a smooth version 
of Ij at the scale \ J\ such that Ij < (pj < l2j)- 
The kernel satisfies 

ml{y,z) 



< 



[l + e\{y,z)\)^ 



for all nonnegative real (since m* is supported on a ball of radius e). Hence, the operator T^^i 
satisfies 



e2 



\{Tmlif,g),h)\ < / -^\Ajif{y)\\Aj2g{z)\\Aj3h{x)\dxdydz. 

JR^ + ^\\^ — Uj^ — Z)\) 

Then 

\{Tmif,g),h)\<Y, [ I, ^ u -r-j^\Aj^f{y)\\Aj.g{z)\\ArMx)\dxdydz. 

^ [1 + €\{x - y,x - z)\y'' 

By Lemma 3.8, it suffices to treat the case where (//) and {if) form a bounded covering of the 
real line. Let assume that s > (we explain at the end of the proof the modifications for s = 0). 
Consider non-negative real numbers Sp, Sg S (0, 1) such that 2s = Sp + Sg and 



- — Sp > - — Sg > 0. 

p q 

This is possible since 

1 1 1 

- = - + -- 2s >0. 

r p q 

Using that 

il + e\{x-y,x- z)\) < {l + e\x-y\){l + e\x- z\), 
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we get for Np = 1 — Sp and Ng = 1 — Sg 



\{Tm{f,9),h)\ 



il + e\x-y\rp 



|A,i/(y)|dy 



(1 + e\x — z\ 



Aj2g(z)\dz I \Ajsh{x)\dx 



^e'^E / IsMilf\)i^)IsMi?9\){x)\Ar.h{x)\dx 



l^{Y.^^A\^nf\^^''^'^ (j2^^Mi?9m'^ sup\Ajsh{x)\dx, 

where Isp is the fractional integral operator of order Sp (see Definition 2.1). Using that the maximal 
operator is bounded by the Hardy-Littlewood maximal function, we deduce that 

\{Tmif,9),h)\<e'^ jlY^IsM^iimxA (y^IsMi^aDixA M{h){x)dx. 



Then by Holder inequality with the exponents ps , Qs such that 



1 1 1 



2s 



Sv + 



1 



r p q 

it follows (by boundedness of A4 over Lebesgue spaces) that 

1/2 

\{Tm{f,g),h)\<e^^'" 
As a consequence, 



1 1 

Ps Qs 



LPs 



1/2 



Lis 



\{T^{f,g),h)\<e 



2s 



1/2 



LPs 



1/2 



Lis 



Thanks to Proposition 2.2, we know that the fractional integral operator Ig^ (resp. Igg) is bounded 
from to L^" (resp. from L'^ to L'^"). Then it admits an Z^-valued extension (see Theorem 4.5.1 
in [17] and the original work of Marcinkiewicz and Zygmund [34]). Consequently, 



^(3) < e 



2s 



1/2 



LP 



1/2 



151 



Li 



Recall that (//) and [if ] form a bounded covering. We can thus apply Rubio de Francia's result 
(see Proposition 2.3) for p, q > 2 to obtain 



\{Tmif,g),h)\<e 



< .2s 



LP \\9\\li \Ml-- 



Let us now deal with the limit case s = 0. In this particular situation, argue similarly, replacing 
the fractional integrations operators Igp and Ig^ by the Hardy-Littlewood maximal operator M. 
We let the reader check that everything still works with this minor modification since the Hardy- 
Littlewood maximal function admits l^-valued extension too (see Theorem 4.6.6 in [17] and the 
original work of Fefferman and Stein [12]). □ 



Remark 4.1 implies the following corollary. 
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Proposition 5.2. Let T be a smooth and compact curve, and G A^f . For exponents p,q,r G 
[1,00), there exists a constant C = C{p,q,r) such that 

as soon as 

2s — ^ 1 1 ^ ^ Q 

max{p, 2} max{g, 2} max{r, 2} ~ 

Finally, when the curve T is supposed to be nowhere characteristic, we can improve the decay in 
e in the non local-L^ case. 

Proposition 5.3. Consider T a smooth and compact curve, which is nowhere characteristic (see 
Definition 1.1). For exponents p,q,r £ (l,oo) verifying (1.3) and m.m.{p,q,r} < 2, there exists a 
constant C = C{p,q,r) such that 

\\T^M,9)\\Lr' <Ceqf\\L49\\L. 

with 

r 1 1 1 / ,1 1 1, i\ 1 

P •= \ — + + — ~ ^ + maxj-, -,-}--, i ^ . 

[ maxjp, 2} maxjg, 2| maxjr, 2} \ p q r 2 J j 



Since min{p, q,r} < 2 then ^max{i, |) f } — ^ j is non negative so the new exponent p is bigger 
than the one given by the previous proposition. 

Proof. First assume that only one of the three exponents p, q, r is lower than 2. Since p, q, r play 
a symmetrical role, assume that p = inm{p,q,r} £ (1,2). The proof is exactly the same as for 
Proposition 5.1, with the following modification. Since the curve 7 is supposed to be nowhere 
characteristic, then we can perform the decomposition (explained in Lemma 3.8) only for k = 1. 
The Proposition follows by Remark 4.1. □ 

6. Study of particular points 

6.1. The point (1, 1,2). 

Proposition 6.1. Let G M^. Then 

(i) IfV is nowhere characteristic, 

\\BmAf.9)\\L^<4f\\LA\9\W- 

(ii) //r has a non vanishing curvature, 

\\Bm.Af,9)\\L^<e^/^^e\\f\\LA\9\\L^■ 
and we have the restricted type inequality: for any three sets F , G, and H , 

\{BmAXF,XG),XH)\<e\F\\G\\H\^'\ 

(iii) IfV is arbitrary, 

\\BmAf,9)\\L-^Mf\\LA\9\\L^- 

Furthermore, the above estimates are optimal in that the powers of e cannot be improved. 

Proof. The TT* argument. It is the first step of the proof: 

(6.1) 

\\B^Af.9)\\l2 = \\:FB^Sf.9)\\l 

meiC - V, V)m - ri)g{r})m-Ai - C, C)7(^ - C)ff(C) dii dC d^ 

III I f{x')7ix')g{y')g{y'')KAx' -y\x^ -y',-x' -x^)dx'dx^dy' dy\ 
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where 




In other words, = F ^{'m^{^ — r],r])me{^ — C,C))i if one views m^{S, — ri,ri)m^{£^ — (X) ^ 
function of r/, ^. 

Upper bounds for Bm^ : x — > L^. It is clear from (6.1) that 

\\BmAf^9)\\l2 < ll^e||L-(R3)||/||ii||ff||ii. 



Hence 



||^mJliixLi^L2 < ll^e||Lo<=(R3) < ||me(C-??,??)me(C-C,C)llLi(R3) = y" (^j \m,{^ - T] , ri)\ dl]^ d^,. 

We now distinguish between the three cases of the theorem: 

• If r is non characteristic, then for any ^, J m^{^ — r],r]) dr] < e thus 

J (yj \'me{^-V,v)\ dv^ dS,<e^ 

and ||-BmJ|LixLi^L2 ^ e- 

• If r is arbitrary, then Cauchy-Schwarz gives 

which implies \\Bm,\\L^xL^^L^ ^ V^- 

If r has a non-vanishing curvature, the estimate is a little more involved. It is easy to see 
that one can restrict to regions where T is parameterized as ^ = ^{rj). Then me{£, — rj^rf) 
is localized e away from ^ = rj + ^{rf). Difficulties appear where $'(r/) = —1; let us assume, 
without loss of generality, that $'(0) = —1. Picking Co big enough, and 5 small enough, a 
small computation shows that for |^| < Coe, / me{(,—r], rj) drj < ^/e, whereas for 5 > ^ > Coe, 
/ me(C - r?, v) dr] < Thus 

/ ( [m,{^-r,,r,)dv) d^= [ ed^+f idi<e\\og{t)\. 



This gives \\BmJ\L^xL^^L^ < y/€y/-loge. 

Optimality It follows by Proposition 4.3 and Proposition 4.2. □ 
6.2. The point (2,2,1). 

Proposition 6.2. Let S A^p. 

(i) IfT is nowhere characteristic, 

ll-Sm,(/,5)llLoo < ell/llialbllLa- 

(ii) IfT has a non vanishing curvature, 

mmM,9)\\L^<e'^'\\f\\L49\\L^- 

(iii) IfT is arbitrary, 

\\BrrM,9)\\L^<V~4f\\L49\\L^- 

Furthermore, the above exponents of e are optimal. 
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Proof. Proof of (i): T non characteristic. Define to be an e- neighbourhood of T. We spht by 
considering its intersection with strips {{£,,ri) , ne < ij < (n + l)e} where n E Z - of course, only 
finitely many of these intersections are non empty. Since F is non characteristic, it is possible to 
write 

r,n{(e,7?), ne<r]< (n + l)e} C {(^,7?), ne < 7] < (n + l)e and - Coe < ^ < + Coe} 

where (x^) is a family of real numbers; Co a constant independent of e; the above decomposition 
is almost orthogonal in ^, as it obviously is in rj: there exists a constant M, also independent of e, 
such that at most M intervals [x^ — Coe, + Coe] can have a non empty intersection. Then by 
Cauchy-Schwarz and the almost orthogonality property. 



< 



e^<i+^)m,{i,r,)mg{r^)dridi 

m)\\g{v)\dvdi 



<E/ / \fm9iv)\dvdC 

= E/ \fiO\dq \g{ri)\dil 



Coe,x^+Coe])Ve llfi'llL2([ne,{n+l)e]) 



< 



E 



L2([x^-Coe,a;?,+Coe]) 



1/2 



El 



5'llL2([ne,{n+l)e]) 



1/2 



The norm e for this bilinear operator is of course optimal by Proposition 4.2 (i). 



Proof of {ii): V has non vanishing curvature. The proof of {i) is valid except where F, in 
coordinates, has a tangent which is parallel to the ^ or r/ axes. By symmetry it suffices to focus 
on the former possibility, and assume that F can be parameterized by r/ = tbe problem being 
to treat regions where cj)' vanishes. Without loss of generality, let us assume that cj)' remains small, 
say less than 1/10; it means that F^ is contained in {|i?i>('^) — r/| < 3e}. Proceeding as above, we 
split Fe by considering its intersection with strips {{^^rj) , ne < r] < (n + l)e} where n G Z. These 
intersections can be covered as follows: 

Fe n {ne < r? < (n + l)e} C {(C, r?) , ne < r/ < (n + l)e and (n - l)e < (p{£,) < (n + 2)e} 

:= «>yn) X (ne, (n+ l)e). 

The almost orthogonality property for the intervals {x^,y'^) is obvious from their definition. Fur- 
thermore, since the curvature of F does not vanish, their size can be bounded by 

It is then easy to follow the proof of (i), and get the desired estimate; it is optimal by Proposition 4.2 
{in). 

Proof of (Hi): F arbitrary. By duality, it suffices to prove 

\\BmSf,9)\\L-<V4f\\L49\\L^- 
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But this is a simple consequence of the Cauchy-Schwarz, Hausdorff- Young, and Plancherel inequal- 
ities: 



\BmAf,9)\\L- 



< 



1/2 



II?IIl2 



me(^ — r], rf)^ drj 



1/2 

<^/^II/IIli||5||l- 



^ ll/llLilbllLa 

This bound is optimal by Proposition 4.2 (iv). 
6.3. The point (oo, 1,2). 

Proposition 6.3. Let € Ai^ . 

(i) IfT is nowhere characteristic, 

\\BmAf,9)\\L^<e'/'\\f\\L^\\9\\L^- 

(ii) IfT has a non vanishing curvature, 

\\BmAf,9)\\L2<e'/'V^^)\\f\\L-\\9\\L^- 

(iii) IfT is arbitrary, 

\\BmAf,9)\\L^<\\f\\L^\\9\\L^. 
Furthermore, the bounds (ii) and (Hi) are optimal up to the logarithmic factor. 

Proof. The TT* argument. Recall (6.1): 



□ 



\\B^Af,9)\\l2 
where 




f{x')f{x^)g{y')g{y^)K,{x' - y\y^ - x\ x" - x') dx' dx" dy' dy\ 



K,{a,b,c)=j j jm,iC-r^,r^)m;iC-CX)e''T'+'^'+^'dvdCdC 



Thus 



BmSf,9)\\h<\\f\\loo / / \g{y')\\g{y^)\ / / \K,{x' - y\y^ - x\x^ - x')\ dxUx' dy' dy\ 



< 



2 ™l^l J™1 J™2 I II ^||2 ||„||2 



Everything now boils down to estimating 

,1 „,1 „.2 2 2 „lM ,1 ,2 



K^{x' - y\y' - x\x' - x')\dx' dx\ 
A change of variables gives 

K,{x^ -y^,y'^ -x^,x^ -x^) = j j Fy{a, P)e"'^y'-'''h'f^^''^-y'Uadp = Fy{x^ - y^ ^y"^ - x^) 
where 

(6.2) Fy{a,P) = j m,{a,i- a)m,{P,i- P)e-'y^ di and 
Combining the few last lines, 

(6.3) \\BmAf,9)\\l2 < (suplli^lUi) ll/llioolbllii. 



y = y^ - y^- 
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Proof of (i): T non characteristic. If F is non characteristic, the support of (a,^) i— t- m^{a,S, — a) 
is contained in the set {\a — </>(^)| < Coe} for a certain invertible function (p, and a constant Cq. 
Given the definition oi Fy (6.2), this implies immediately that 

I SuppFj^l ~ e and ||Fy||ioo™2) < e. 



Furthermore, since taking derivatives of the symbol essentially amounts to multiplying it by -, 
we also obtain 



y\\L° 



<1 



Combining these two estimates with Plancherel's identity gives now: 



IF, 



< 



,1/2 



J- 11 



1 1/2 



\F, 



1 1/2 



1 1/2 



y\\L° 



SuppF,|V2||v2_^F,||i, 



1/2 



<Ve. 



•i/llL2{R2)lll I ^y\\L2( 
Snpp Fy\^/^\\Fy 

By (6.3), this gives the desired bound. 

Proof of (u): F has non vanishing curvature. Consider the curve F in the coordinates (a,^ — a). 
In regions where it can be parameterized by a = 0(^), with cj) smooth, and with a smooth inverse, 
the result follows from (i). Difficulties appear when the parameterization becomes a = (/'(^), with 
(f)' vanishing, or ^ = il^{a), with -0' vanishing. We focus on these two cases from now on. In both 
cases, we assume for simplicity that the vanishing occurs at 0: 4>'{0) = and il^'{0) = 0. Since the 
curvature does not vanish, (p"{0) as well as ^l^"{0) are non zero. Focusing on a small neighborhood 
[—5,(5] of in both cases, we will simply consider that (f){^) = ip{a) = c?: it makes notations 
lighter, while retaining all the essential difficulties. 

• Let us start with the case where F is parameterized by a = i^^, where we restrict a to [—(5, 5\. 

The support of (a, ^ i— )• mjya^^ — a) is then contained in the set {a E [—5, 5], |a — ,^^1 < 2e}. 

For fixed a, the set , — a| < 2e} has size 

if |a| < lOe 



\{i^\e-a\<2e}\< 



if \a\ > lOe 



This implies 



\Fy{a,P)\ 



< 



if |a| < lOe 
if lal > lOe 



Since furthermore |a — /3| < 3e on the support of Fy, we obtain 



■y\\2 



j j \Fy{a,P)\'^ dadf3 < j e sup |Fy (a, /3)p (ia 



< 



e da + 



|a|<10€ 



10e<|a|<(5 



da < -e3log(e). 



Let us consider now the case where F is parameterized by ^ = a^. The support of (a, ^) i— t- 
m^{a, ^ — a) is then contained in the set {a G [—6, 6],\^ — a'^\ < 2e}. An examination of the 
definition of Fy reveals that 



< 



and that, for fixed a, the set Supp Fy{a, •) has size 



SuppFy(a,-)| < < 



' ^ if \a\ < 10^ 
^ if |a| > lOe 
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This implies immediately that 

I SuppFyl < -elog(e), 
which gives in turn, recalling that ||^oo(]k2) < e, 



Thus we could prove in both cases that ||-Fy |||2(ig2) ^ — e^log(e)- One can deduces similarly that 
II^q„9-^2/IIl2(r2) < -l2^. These two bounds imply ||li(k2) < -^log(e), which is the desired 
bound. It is optimal by Proposition 4.2 (iii). 

Proof of (in): T arbitrary. The norm of Fy can be estimated by Cauchy-Schwarz' inequality: 

<([ [\m,ia,C-a)\' d^da) ( [ ( \m,{(3 , i - did(3 
\me{ot,^ — a)\^ d^ da 



Recall that taking derivatives of the symbol essentially amounts to multiplying it by i. There- 
fore, proceeding as above one can prove 

IIV72 p ||2 < 2j_ _ J_ 

II Va,/3-f^y||i2(iR2) ~ t 

Putting these two estimates together gives, with the help of Plancherel's identity: 

llFll o < llFll^/^ III |2Fl|l/2 _||p||l/2 11^2 p ||l/2 
\\^y\\L^{9.^) ||-fy|li2m2)||| • I J^y\\i2m2\ — ||-t'j/|li2(iR2) \\^ a,p^ y\\ 121^"- - -L. 



By (6.3), this gives the bound that we sought. It is optimal by Proposition 4.2 (iv). □ 
6.4. The point (1, l,oo). 

Proposition 6.4. Let S ■ 

(i) // r is nowhere characteristic, 

\\BmM.9)\\L^<Ve\\f\\LA\9\\L^- 

(ii) IfT has a non-vanishing curvature, 

\\BmAf,9)\\L^<VA loge|||/||Li||9llLi- 

(iii) IfT is arbitrary, 

\\BmAf,9)\\L^<\\f\\L49\\L^- 

Furthermore, the e-dependence of these bounds are optimal up to the logarithmic factor. 
Proof. Proof of (i): T non characteristic. Recall (2.1) 

BmSf^9)= J J fn^iy - x,z - x)f{y)g{z)dydz; 

this implies 

\\BmAf^9)\\L^ < ll/llLi|bllLi (sup||m,(y--,z--)||ii ) • 

\ y,z / 
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fne{y — x,z — x) 



me{i,ri)d7]di := I e'''°Fy^z{a) da 



with 



Hence 



e-'^^y+i'^m,{^,r]) di] d^. 



sup ||me(?/ 



y,z 



sup 

y,2 



y,z 



In order to estimate Fy^z in , we want to interpolate it between and L'^{x^dx). Since T is non 
characteristic and bounded, 

2 



F 



y,z 



L2 



IP 11^ <IIP 11^ < 



Similarly, using the fact that Vm^ has size at most one finds 



xFy^x) 



L2 



This gives the estimate since 

sup — •, -z 

y,2 



I Li ^ sup 



^y,z 



1/2 



Optimality is a consequence of Proposition 4.3. 

Proof of (ii): T has a non- vanishing curvature. Proceeding as above, things boil down to estimating 

11/^1 for every t = {y,z); as above, we will obtain this estimate by interpolating between 
and L'^{x^dx). 

Treating the parts of F which are non-characteristic can be done by using the previous case. We 
now focus on a part of T which is characteristic, namely it has a tangent parallel to the — rj) 
axis. For the sake of simplicity, we just consider a model case: F will be given (say in the ball of 
radius 1) around (0, 0) by the equation + rff' = — rff'- Next, we denote F^ for the set of points 
which are within e of F, and Pq, for the line given by the equation ^ + -q = a. 

The formula giving J^(y^z) implies immediately that 



\Fiy,z){a)\ < l^aUF.I < 



a\ if \a\ < lOOe 
otherwise 



Thus by Plancherel's inequality 

2 



y,z 



L2 



\FyA»)\\l< 



|P„UFJ2da< epilog el. 



|a|<l 



One finds as above 



\xF 



\deFt 



< I log el 



and the result follows by interpolation. It is optimal up to the logarithmic factor by Proposition 4.3. 
Proof of (iii): arbitrary F. Still following the above pattern, we get by Cauchy-Schwarz 



l"ie(C - 'n,'n)\ drj 



l"ie(C,??)l dr]d(,<€. 



Similarly, 



\xFt\ 



L2 
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This gives 

which ahows us to conchide the proof. Optimahty follows from Proposition 4.2 (iv). □ 
6.5. The point (1, 1, 1). 
Proposition 6.5. For an arbitrary T, 

\\BmM,9)\\L^<4f\\L49\\L^, 
and the e- dependence of the bound is optimal. 

Proof. The optimality follows from Proposition 4.2 (i). To prove that the bound holds, recall (2.1), 
which gives 

< BmAf^9),h >= j j j m^{y - x,z - x)f{y)g{z)h{x) dxdy dz. 

Therefore, 
and 

ll"^e|lL°°(R2) ^ ll"^ellLi(K2) ^ 

The optimality comes from Proposition 4.2. □ 

7. Close to Holder points, in the non-vanishing curvature case 

In this section, we examine the case of Lebesgue exponents {p,q,r), with ^ + | + ^ close to 1 
when r has a non-vanishing curvature. If all three exponents are larger than 2, this case is taken 
care of by Proposition 5.1, and the assumption G suffices. If one exponent is less than 2, it 
seems that more regularity is needed from m^, namely that it belongs to Af^. We will distinguish 
two cases: {p,q,r) = (2,oo,2); and {p,q,r) close to (oo,C)0,l). Interpolation will then give all 
Lebesgue exponents such that | + | + f > 1, with an arbitrarily small deviation from the optimal 

bound ep 1 ^ 

7.1. The point (2,2,oo). 

Proposition 7.1. Assume that belongs to , and thatT has a non-vanishing curvature. Then 

\\BmAf,9)\\L^<\\f\\L49\\L^- 

Proof. Step 1: decomposition of m^. The proof of the proposition presents new difficulties when 
the tangent of T is parallel to one of the coordinate axes; otherwise, it is possible to rely on 
Proposition 5.3. 

For the sake of simplicity in the notations, we will only treat a model case. Namely, we shall 
assume that T is the circle with radius one and center = 0, = 1) i.e. T is given by the equation 

+ ~ 1)^ = 1. We shall focus on the tangency point of the circle with the ^ axis, = 0, = 0): 
thus we can assume that = if |(^, r/)| > Recall that the support of is contained in a 
strip of width 2e around F. 

Next we split smoothly into a sum of symbols each of which is supported on a chord of length 
Switch for a moment to polar coordinates with center = 0, r/ = 1), denoting 9 for the angular 

coordinate, with the convention that 9 = corresponds to the 77 axis below (0, 1): = 0, 77 < 1}. 
Next let $ be a smooth function on M, equal to outside of [—2, 2], equal to 1 on [—1, 1], and such 
that X]n6Z^(" - n) = 1. Finally set 
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SO that 



m, 



(notice that the above sum runs over |A;| < due to our assumption that vanishes for 

^ So each of the symbols is supported on a chord of length ~ -y/e, thickened to reach a 
width of length ~ e, and with an angular parameter 6 ~ k^/e. Thus it suffices to control 

k 

Now denote Ik, respectively Jk, the intervals given by the projection of the support of m^{^,r]) on 
the ^, respectively r/ axis. It is easy to check that these intervals are almost orthogonal: 

Vx, J]]x/fc(a:)<l and J]]xjfc(a;)<l 

k k 

(where the implicit constants do not depend on A;). Define 

fk ■■= XhiD)f 9k ■■= X.Jk{D)g. 
The quantity to control can thus also be written 



(7.1) 



BmAf^9){x) = Y / / m^{y - x,z - x)fk{y)gk{z)dydz. 



Step 2: examination of the kernels. We claim that the kernels are uniformly bounded in L^(R^. 

By translation and rotation invariance, it suffices to see this for m^. Then, with the notations of 
Definition 1.3, in the chord of length -y/e around the point (0, 0) we can write 

Since belongs to A^^, we also have 



< .3/2 



2 



-/3 



This gives on the Fourier side (keeping in mind that F maps to L'^ 

1 \ 

for any number N . This implies obviously the desired bound. 



(7.2) 



mO(y,z) 



< e^" inf 1 



Step 3: orthogonality; It suffices now to use that the (1^) and (J^) form a bounded covering of the 

m^(y -x,z- x)fk{y)gk{z) dy dz 



real line to get 



\BmAf,9)\W<Y. 

k 

E 



< 



m2 



< 



1/2 



1/2 



fc|lL2(Jfe) 



^ II/IIl2||9|Il2- 



□ 
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7.2. Points close to (00,00, 1). 

Proposition 7.2. Assume that in^ belongs to , and that T has a non-vanishing curvature. Then 
for exponents p,q >2, 

Pm.(/,<7)||L- <e*+^|loge|||/|Up||<7||L.. 

Remark 7.3. This proposition is interesting in the limit where p and q tend to 00. One approaches 
the point {p, q, r) = (00, 00, 1), with a bound 0{e^'' ) which converges to the optimal one at the 
limit point, namely 0(1). 

Proof. Step 1: decomposition of m^. This step is identical to Step 1 of the previous proposition; so 
we simply adopt the notations defined there. The only difference is that it now suffices to control 
(by translation invariance) 

(7.3) 



-Bm,(/,5)(0) = ^ / / m^{y,z)fk{y)gk{z)dydz. 



Step 2: reduction to simpler kernels. The choice of the length scale ^/e ensures that is essentially 
supported on a rectangle. We shall establish this for m^, the general case following by rotating the 
plane. Since belongs to , it satisfies 



< e3/2g-f-/3^ 



This gives on the Fourier side (keeping in mind that F maps to L°°) 

1 \ 



(7.4) 



m'^{y,z] 



< 6^/2 inf 1 



{V~^\y\ + e\z\ 

for any number N. Denoting F for the characteristic function of the unit cube, the above inequality 
implies that m^{y, z) can be bounded by 



m2iy,z) <e3/2^a,F(2-^^y,2-^ez) 



where the sequence (ok) decays very fast. Denoting for the rotation of angle (p around (0,0), 
one can show just like the above inequality that 



(y, z) < e'/' (RkV-ei^^'Vey , 2~'ez) 



We see from (7.3) that 

(7.5) |i?,n.(/,9)(0)| <e^/' J^a, J F (^R,^^{2-'^ey , l^'ez)) \fk{y)\\gk{z)\ dy dz. 



k £ 



Step 3: the crucial claim and why it implies the proposition. Let us denote from now on 



F^'{y,z)=F(R,^^{V~ey,ez] 



We will prove the following claim, which will imply the proposition. 
Claim 7.4. For any sequence of functions {fk), 

21 1/2 



(7.6) 



E 



F^{y,z)fk{y)dy 



< e-ig'^2p loge 



1/2 



LP 
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Why does this claim imply the proposition? Starting from (7.3) and using successively the 
Cauchy-Schwarz (in k) and Holder (in z) inequalities; the above claim; and Rubio de Francia's 
inequality gives 



\BmAf,9m\ 

k e 



F 



2-'V~ey,2-^'ez))\fk{y)\\9k{z)\dydz 



(7.7) 





2 


1/2 








1/2 


^ey,2~^'ez^\fkiy)\dy 






Li'{z) 




. k 











1/2 






1/2 


— + — 

< g4q 2p 1 Jog e| 




^fk 

. k 




LP 


. k 





Li 



<e4'+i|loge|||/||^, ll^^ll^, . 
This is exactly the statement of the proposition. 

Step 4: decomposition of fk along its level sets. Write 



fk{y) = Y.fi^y) 



Li 



where (y) takes either values between 2^ ^ and 2^ , or equals 0. We can a fortiori assume that fl 
either takes the value 2^ , or equals 0. In other words, we will assume that 



fi = '^xe^ 

for some set . Observe that for any z, SuppFg'^(-, z) C 



can assume 



Cpk Cpk 



for a constant Cq. Thus we 



k k ' 



for the parts of E^ outside of 



do not contribute to (7.6). We will need a bound on 



Sfc=i l-^feli which we now derive: 

71 n 



k=—n 



k=—n x/7 



(7.8) 



1/2 



n \ p 



k=—n 

1-2 



LP 



Finally, observe that it suffices to prove the Claim 7.4 when fk is replaced by Indeed, the scales 
j such that 2^ < e^^^ can be estimated trivially, whereas summing over the other scales simply 
contributes log e. Thus it suffices to prove 



E 



FHy,z)fi{y)dy 



1/2 



_3_ I J_ 



Li'{z) 



1/2 



LP 



in order to deduce the claim. 
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Step 5: discretization of the z variable. The variable z in (7.6) can be restricted to j^l G [— | 
for otherwise F^{y,z) vanishes. We now split the interval [— | , |] into ~ intervals 

2 



^1 



(Z is an integer such that \Z\ < ^). 



z_ z+i 



Observe that if z G 



_z_ z+i 



SuppyF^{y,z) C /e'^'^ where 



tan(A;-v/e)— ^ , tan(k^/e)—= H ^ 

ye e ye e 



for a sufficiently big constant Cq. Thus, if z G 



F^{y,z)xE{y)dy 



4'" n 



This implies that 



(7.9) 







■2 


1/2 






1 FHy,z)fl{y)dy 



















3_ 1 
g2 272-^ 



Elk, 



q' 



Step 6: proof of the claim. We will bound the above right-hand side by interpolating the i'^ norm 
between f and The bound is the easier one: since the number of indices Z is of the order 
of 4=, and the length of le'^ is bounded by 2Co4=, 



(7,10) 



E 

. z 



E 

. Z 



sup 

k 



7 

< 









< 



1 
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For the i bound, use first the embedding £ 





q'' 


1 

7 


E 




)i 




. z 






z 
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mai, given k, a numoer x can oeiong xo ai mosi ~ miervais j 

k,Z 



Next use that, given k, a number x can belong to at most ~ intervals I^'^ . This implies that 
j^\E\. Thus the above can be bounded with (7.8) by 



Ei\ 



(7.12) 



^ in n+l) {^^'^^ 

^ n=0 L ^ ^ \k=0 



< 



1 

10V7 



k=0 



< 2-2^' 



1/2 



1/2 



LP 
2 



LP 



^ 1+ 



n=0 



n 



+ 



1 \ p 
e 



Starting with the inequality (7.9), and interpolating between (7.10) and (7.12) gives 



E 



F^{y,z)fi{y)dy 



1/2 









2 


3 1 

< e2 272-' 






-1+i 

e p 


L^'{z) 






LP 


3,1 




LP 





1/2 



As noticed at the end of Step 4, this inequality implies the claim; this concludes the proof. □ 
Remark 7.5. Let us come back to (7.5). It can be written as follows 

.3/2 



|Sm.(/,5)(0)|<E2''«/V / 



l/fe ® gk{y,z)\dydz. 



The set 

{(y,z), (V^y,ez)ei?_,^([-l,l]2)} 

is a rectangle of dimensions 2'+^e~^/2 and 2''^^e~^ whose the measure is 2^^~^'^e~^^'^ . As a conse- 
quence, we have 

I Sm. (/, <7) (0) I < E 2''«i/C,- V2 (/fc ^ 5fc) (0, 0) 



k,l 



< 



E^.-V2(/fe^3 5fc)(0,0), 



with /C^-i/2 the Kakeya maximal operator on (see Section 10.3 in [17] for a modern review on 
this subject). Translating in x, we get 

\BmXf^9){x)\ < E^e-i/2(/fc ® fi'fc)(a;,x). 

k 

So the boundedness of is closely related to the boundedness of a "bilinear Kakeya operator" 
(the one corresponding to restrict a 2-dimensional linear Kakeya operator on the diagonal. 
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(0.1,1) 




8. Interpolation of the different results 

Theorem 8.1. Letp,q,r G [l,oo] be exponents satisfying 

1 1 1 
!<- + - + -. 

pgr 

Then for all smooth and bounded curve T, we have 
where 



T II , < fP 



1 1 1 

•1) P-= + + 



max{p, 2} m.ax{q, 2} max{r, 2} 
in the following cases: 

a) 2/l<| + | + ^<| with p,q,r < CO and p > 0; 

b) 2/|<| + | + ^ (with eventual one infinite exponent and in this case, p is always non- 
negative). 

Moreover, ifp,q,r < 2 the exponent p can be improved in p given by 

./111 



p q r 

We point out that if at least two of the three indices {p, q, r) are lower than 2, then p = p. 

Proof. The case for p, q and r finite was proved in Proposition 5.2. So, let us just consider the case 
b—) with only one infinite exponent (since we cannot have two infinite exponents), by symmetry 
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p = oo. Then | + ^ > | implies q,r < 2. Proposition 6.3 proves the result for {q,r) = (1,2) and 
by symmetry for {q,r') = (2,1) and Proposition 6.4 proves the result for {q,r) = (1,1). So by 
interpolation, we have the desired estimate for all exponents ^ + j. > |, which ends the proof of 
case b). 

Let us now show the last claim about an improvement for p,q,r < 2. Indeed, from Propositions 
5.1, 6.1 and 6.2, we know that the exponent p = 1/2 is optimal on the points {p,q,r) = (2,2,2), 
(2, 2, 1), (1, 1, 2). As a consequence by symmetry and interpolation, we know that we can obtain an 
exponent 1/2 as soon as max{p, g, r} = 2, which corresponds to p given by (8.1). Since Proposition 
6.5 proves that we can have an exponent 1 at the point (1,1,1), we can interpolate each point 
u := {x,y,z) belonging to the cube C := [1/2,1]'^ by the end-point (1,1,1) with another point 
belonging to the subset 

C := {{p~^, q^^,r^^), max{p, q, r} = 2}. 
Indeed, if x = min{x, y, z} then we have 

(x, y, z) = {2x - 1)(1, 1, 1) + 2{z - x)(i ^, 1) + 2{y - x){^, 1, 1) + (2 + 2x - y - z)(i i), 

which by interpolation gives the exponents 

p = {2x-l) + ^ [2{z -x) + 2{y-x) + {2 + 2x-y- z)] = x. 

□ 

As we have seen the exponent can be improved if the curve T is nowhere characteristic. 

Theorem 8.2. Letp,q,r G [l,oo] be exponents satisfying 

, , 1 1 1 

8.2 1 < - + - + - 

p q r 

and min{p, g, r} < 2 (else we are in the local-L'^ case, and the above estimates cannot be improved) . 
Then for all smooth, bounded and nowhere characteristic curve T , we have 

\\T II , < fP 

where 

(8.3) p:=min| + + ~ ^ + ( max{-, -, -} - ^ ) ,ll 

1^ maxjp, 2 j maxjq, 2 j maxjr, 2j \ p q r 2/J 

in the following cases: 

a) i/l<| + | + ^<2, p, g, r<oo and in that case, p is always non-negative ; 

b) i/ 1 + 1 + ^= 2 (with eventually one infinite exponent). 

Moreover, if p,q,r < 2 and ^ + | + ^ > 2, then p = 1- 

Proof. For the case a), it is a direct consequence of Proposition 5.3 : if p := minjp, g, r} then we 
can estimate the operator in and not in since the curve is nowhere characteristic. Indeed if 
two exponents are lower than 2, it is obvious that p > and if only one exponent is lower than 2 
then 

1 1 1 
p=-+-+--l>0 
p q r 

due to (8.2). So the improved exponent p is always non-negative. 

Concerning the case b), the point (1, 1, oo) has been studied in Proposition 6.4 and so by symmetry 
and interpolation we get all the points (p, q, r) with i + | + i = 2. 

Let us now check the last point when - + - + - > 2. The extremal points of the corresponding set 
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of exponents are (1, 1, 1), (1, 2, 1), (1, 2, 2) and the symmetrical points. So the result is obtained by 
interpolation and Propositions 6.1, 6.2 and 6.4. □ 

Corollary 8.3. Assume that T is nowhere characteristic, and let belong to Ai^ . Then 

l<i + i + i<2 

— p ' g ' r 
1 + 1 < 3 

If \ I 1^3 > then ||-BmJliPxL9-)>L'-' ^ ep i ^ , and this exponent of e is 

1 + 1 < 3 
p ^ r — 2' 

optimal. 

(q>2>p,r ^ ^ 

1 _^ 1 > 3 , then \\BmALPxLi--,L-' ~ f"'^"- 



• The above statement of course remains true if the indices (p, q, r) are permuted. 

Proof. Let consider the first point. Since the previous result, we know that the first claim is true 
for {p, q, r) such that 

1 1 1 

l<-+-+-<2 
p q r 

with at most one exponent lower than 2. This set of exponents is also composed of 4 sub-squares 
of length 1/2. Then interpolating between them, the convex hull of these ones is exactly described 
by the given inequalities. 

The second claim is a consequence of the interpolation of the different extremal points : (p, q, r) = 

(1, 2, 2), (2, 2, 1), (1, t, 2), (2, t, 1) (with t — )• oo described in the last theorem) and (p, q, r) = (1, 2, 1), (1, oo, 1) 

(obtained in Subsections 6.1 and 6.4). □ 

9. Bilinear Fourier transform restriction-extension inequalities 

Definition 9.1. Let p,q,r G [l,oo] satisfy (1.3). We say that a curve T C satisfies a {p,q,r) 
restriction- extension inequality if the frequency restriction-extension bilinear multiplier 

Tr := if,g) ^ Trif,g)ix) := [ e« (05(^) d^r (^, r?), 



where dar is the arc- length measure on the curve, is bounded from L^(M) x L''(M) into 

Let us first say a few words concerning the linear theory. For exponents p,r G [l,oo] and F a 
curve in R^, we could ask when the linear operator on E? 



is bounded from LP{M?) into L'"'(R2). This operator is a multiplier and corresponds to the convo- 
lution operation with "dor" . 

From Lemma 4.4, it follows that for a compact smooth curve F, dar belongs to L'^+^R'^) for every 
e > 0. By Young inequality, we deduce that the operator Ur is bounded from U'{M?) to L'''(M^) 
for every exponents p,r > 1 satisfying 

1 1 1 

- + K - + -, 
r' 4: p 

which is equivalent to 

1 1 7 
- + ->-. 

p r 4 
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Under the same assumption of non-vanishing curvature, we now want to obtain similar results for 
the bilinear operator Tp. 

Proposition 9.2 (Bilinear restriction). Assume that the compact and smooth curve T has a non 
vanishing Gaussian curvature. Then, for all exponents p,q,r G [l,oo) satisfying 

, , 1115 

9.1 - + - + -> 

p q r 2 

we have the bound 

\\Trif,9)hr'<\\f\\L49\\L., 
so r satisfies a {p,q,r) restriction- extension inequality. 

Proof. This follows from Theorem 1.5. An alternative proof is as follows: due to the assumption 
on the curvature, Lemma 4.4, yields 



J{^i^+^2v)cla-p{^,ri) 



(l + |(xi,X2)|)-i/2. 



Consequently, the bilinear kernel K in of Tp belongs to L^"'"'^(M^) for all e > 0. Then the result 
comes from usual estimates for bilinear convolution (Brascamp-Lieb inequality [4] [33]). □ 

Proposition 9.3. Assume that the curve F C satisfies a {p,q,r) -restriction inequality with 
p,q,r G (l,oo). Then for all smooth symbol m G 5(M^), there exists a constant C such that 

\\Bmdar{f,9)\\Lr' < C'll/l|Lp|bl|L9. 

Proof. We just develop the smooth symbol a via Fourier transform: there exists a smooth function 
k£SiM?) such that 



a(e,?7) = j e'^^y+'^'^K{y,z)dydz. 

So we have 

Bmdar = j K{y,z)Tr{Tyf,Tzg)dydz. 

Then, using that the translation do not change the Lebesgue norm and K £ L^(R'^), it follows by 
Minkowski inequality that Bandar is bounded from LP x L'^ io U' . □ 



We want now to combine the two previous kinds of argument (using the decay of the kernel due to 
the curvature and the orthogonality properties in the frequency space, used in Section 6). 

Proposition 9.4. Assume that the smooth curve T has a non vanishing curvature. Then the 
bilinear multiplier Tp associated to the singular symbol m{^, rf) := da^ii, rj) is hounded from L^iM) x 
L'?(M) into U' (M) as soon as p,q,r € (l,oo) satisfy 

i_i+l<l 



(9.2) 



^ + i + i < 1 

p q r — 

1 + 1 _1 < 1 

p q r — 

p q r S 



So r satisfies a {p,q,r) -restriction inequality for such exponents. 
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Proof. The idea is to improve the previous estimates by interpolating with the decay of the kernel 
(Lemma 4.4). 

Consider K the linear kernel in M? given by 



We split the kernel in the space variable, using a function ^ & S (such that ^'(0) = 0, ^ is 
compactly supported in [—1, 1], and ^{2^-) = 1) as follows: 

K{xi,X2) = ^'^i2~^{xi,X2))K{xi,X2) + ^{xi,X2)K{xi,X2) :=^Kj + K^, 

j>0 j 

where $ satisfies 

$(.) = l_^vI/(2-i.). 

j>0 

Since K satisfies the bound 

|i^(xi,X2)| <(l + |(xi,X2)|)-l/2^ 

(due to Lemma 4.4), it follows that 

\\Kj ||J;^t»m2^ 5-, 2 



which gives 

(9.3) II^k^JIlIxli^l- <2-^'/'. 
Moreover since K S it comes 

(9.4) I|S^IIlixL1-.l- <1. 

In addition, by writing the kernel Kj in the frequency space, we have 

Consequently the bilinear symbol (^, ?]) — t- Kj{^i,rii) belongs to A^2-j- 

According to Subsection 6.2, the bilinear operator associated to 2~^ Kj is bounded from Lp'timesLp' 
into L°° (and by changing the role of p, (;,r). So, we know that 

5"! 1173—11 / < 2^2^^^/^ < 2^1^ 

for all exponents poi90i'''o G [1)2] satisfying 

, , 1 1 1 

(9.6) _ + _ + _ = 2. 

Po 90 

Concerning the remainder term it is clear that 

Using real or complex bilinear interpolation in a one hand between (9.3) and (9.5) and in the 
other hand between (9.4) and (9.7), it yields that for every "intermediate" triplet {p,q,r) between 
{po,qo,ro) and (1,1,1) (where ipo,qo,ro) is any triplet of [1,2]^ verifying (9.6)) 

(9.8) ll^7?rllLPxL'J->L'-' - 1 and \\Bf^^\\rp^r<,.rr'<2-^\ 



with some e := e{p,q,r) > as soon as| + | + i>|. Then, summing over j > proves the 
boundedness of Tk- ll^x|liPxL<'-5>L''' ^ "^^^ range of allowed exponents exactly is the one 
described by (9.2). Indeed the first inequality in (9.2) is the one given by the plane containing 
p = q = r = l, p = q = 2r = l and p = lg = r = 2, the second inequality is given by the 
plane containing p = q = r = l, p = q = 2r=l and q = lp = r = 2 and the third inequality is 
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given by the plane containing p = q = r = l, r = q = 2p=l and q = 1, p = r = 2. The fourth 
equation in (9.2) corresponds to the condition required in order to have some e > (due to the 
strict inequahty) such that (9.8) holds. □ 

The set of {p,q,r) given by (9.2) is the tetrahedron built on the points (1,1,1), (1,3/2,3/2), 
(3/2, 1,3/2) and (3/2, 3/2, 1). So by interpolation with Proposition 9.2, we get the following result. 

Theorem 9.5. Assume that the smooth curve T has a non vanishing curvature. Then the bilinear 
multiplier Tr associated to the singular symbol m(^, rj) := dcrr(C) v) ^•^ bounded from L^(]R) x L'^(M) 
into U' (M) as soon as {p, q, r) £ [1, 2]'^ belongs to the convex hull of the seven following points : 

(9.9) (1,1,1), (1,1, 2), (3/2, 3/2,1) 

and the others ones obtained by symmetry. So T satisfies a (p,q,r) -restriction inequality for such 
exponents. 



Having obtained some "bilinear Fourier restriction-extension inequalities", we now come back to 
the smooth symbols m^. For a curve F, it should be reasonable from a bilinear Fourier restriction- 
extension inequality to prove (1.1) with a decay function a(e) = e. However, to do that, we have to 
decompose the e-neighborhood at the scale e and then to sum up all these small pieces. Since we 
start from a global estimate with a symbol carried on the whole curve, we have to do this splitting 
uniformly "along the tangential variable". That is why we cannot deduce (1.1) for all symbols 
belonging to the class A^f . 

Let us assume that F is a smooth and compact curve and denote the distance function v := dr- 
For every (^,r/) ^ F, we know that |Vz^(^,r/)| = 1. With this notation, can be considered as the 
direction of local normal coordinates and (Vz/)-*- as the direction of the local tangential coordinate. 
We are interesting in symbols satisfying a nice behavior in the tangential directions given by 
Vz^-*". More precisely, we are interested with the symbols taking the following form 

(9.10) m,:=- [ (P (iilZZl^^ m{X)dar{X), 



with a smooth and compactly supported function m on F and a smooth function cp £ Cq^(M?) such 
that cPiCr^) = 1 if 1(^,7?) I < 1/2 and 0(^,7?) = if |(^, ?7)| > 1. 

Let us check the following point "m^ is regular at the scale e in the normal direction and at the 
scale 1 in the tangential direction" . 

Proposition 9.6. Let be a symbol given by (9.10), then it satisfies the following regularity : 



(9.11) l|V"mJ^^(K.) < e-l°l, ||((Vi.)^, Vm, 

Proof. First for fixed 



< 1. 



and 



By iterating, we easily get that || V"me||^oo(]g2) < e '"^L Let us check the tangential derivative. Let 
us choose 7 a normalized parametrization of F : 7 : [0, 1] — )■ with |7'(t)| = 1. Then, 

1 f'^ji^,v)-i{ty 



Vm,(e,r?) = l^ V0 (^^1^^^^^) m(7(t))di. 
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Since 



e Jo 



{V4> 



(e,r/)-7(i) 



,7'(t))m(7(t))df 



dt 



m{'y{t))dt 



(e,r/)-7(i) 



"1(7(0) 



dt. 



So as previously, 



£ JO 



,7'(t))m(7(t))dt 



<1. 



Consequently, 
U'(V»r «-'"-""' V(V.)^),nW)Mt 



<1 + 



j^fw(^^^^^),7'(«)->{y(«)\(V.rt 



)m{-f{t))dt 



However (7'(t)"'", (Vi/)-*") = {'y'{t),Viy) and since |(^,r/) — 7(t)| < e, the smoothness of the curve F 
implies that 

|(7(t),Vi.)|<e, 



which concludes the proof of (9.11) 



□ 



By similar arguments, we can obtain estimates for the higher order differentiation of these specific 
symbols. 

Corollary 9.7. The symbols given by (9.10) belong to the class . 

For such specific symbols m^, we can prove equivalence for every exponents p,q,r between a 
restriction-extension property and a decay rate in (1.1) with a(e) = e. 

Proposition 9.8. Let T be a smooth and compact curve. Assume that for some exponents p, q, r' S 
[1,00], the compact curve F satisfies a {p,q,r) -restriction inequality. Then there exists a constant 
c such that for all e < 1 and all symbol given by (9.10) 



(9.12) 

Proof. By a change of variables, it comes 



m{\)f{i)g{v)didr^dar{\) 



m{\)f{i + Ai)g(r? + A2) d^dr]dar{X). 



Hence, 



Tr,Uf,9){x)=e-' J^j(^^^ e^<^+^^TrndaA^vf^M^9)ix)dCdrj, 



where and are modulation operators. Since T^ap is assumed to be bounded and m is smooth 
(at the scale 1) then Tmdar is still bounded from x L'^ into U'' . Minkowski inequality concludes 
the proof. □ 
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10. Applications to bilinear multipliers 

10.1. Non-smooth bilinear multipliers and bilinear Bochner-Riesz means. This subsec- 
tion is devoted to the following question: whether characteristic functions of a compact set of 
give a bilinear multiplier bounded from LP(W) x L''(M) into (R^). We refer the reader to the 
introduction for a presentation of works concerning the ball and polygons. 

We only give a sample of results in this direction, but do not aim at exhaustiveness. 

Theorem 10.1. Let K he a compact subset ofM? 

(i) // dK is an Ahlfors regular curve in with "finitely bi-Lipschitz projections", then for 
exponents p, q, r' G [2, oo), 

(10.1) \\B^Kif,9)\\Lr' <\\f\\L4g\\L. 

as soon as 

111-, 
- + - + - > 1. 

pgr 

If PiQif' > 1; then (10.1) still holds if 

1 1 1 . 

+ ^-ZT + ^-TT > 1. 



max{p, 2} max{g, 2} max{r, 2} 
(ii) If dK is smooth, and has a non-vanishing curvature, then for exponents p, q,r' £ (l,oo), 

\\B^Af,9)\\Lr'<\\f\\L49\\L. 

as soon as 

1 1 1 

- + - + -> 1. 

pgr 

Proof. We simply explain the proof of the first statement. Let us denote F = dK. Without loss of 
generality and just for convenience, we assume that the diameter of K is less than one. 
Next we need a partition of unity {xn)n>o such that 

• we have the decomposition for all (^, r/) in K 

n>0 

• for each integer n > 0, Xn is supported in rxo2-" 

• for each integer n > and every multi-index a, 

II n^-N^ II „ < o»i|o| 

To build this decomposition, consider a Whitney covering of K'' by balls (Oj = B(xi,ri))i. Then 
we can consider a smooth adapted partition of unity xOi and set 

Xn ■■= XO,- 

2-"<d{(5,J7),S)<2-"+i 

We let the reader check that these functions satisfy the expected properties due to the notion of 
Whitney balls. 

Then 

n>0 

In addition, the symbol rUn belongs to with e = 2~". Hence, by Proposition 5.1 (with Propo- 
sition 3.7), we have 

\\TmM,9)\\Lr' < C2-^n\f\\Lp\\9\\L'>. 
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Since s > 0, we can sum with n G N and we finish the proof. The second claim is obtained by the 
same reasoning with Proposition 5.2. □ 

For example, we can consider K being a disc, a square or any polygon. In the specific case 
of a disc, Grafakos and Li have obtained in [20] boundedness in the local-L^ case for the bilinear 
multiplier under the Holder scaling. Here we have general results for general sets but in the sub- 
Holder scaling. 

When the exponents p, q, r satisfy Holder relation 

1 1 1 

(10.2) ! = _ + _ + _ 

r p q 

Proposition 5.1 allows us to get estimate for the bilinear multipliers without decay. So we cannot 
sum over n > the different inequalities. To get around this difficulty, we can proceed as for the 
Bochner-Riesz means. Let us recall this phenomenon in the linear setting : the linear multiplier 

■= f ^ 1^(0,1)/ 

is bounded in L^(]R"') for every integer d > 1 and is not bounded in L''^{M?) for every p 2. This 
is a famous result of Fefferman, see [13]. In order to remedy this unboundedness, a possibility is to 
add some regularity near the boundary and so to study the following linear operator 



where 



This new symbol corresponds to a regularization of the initial symbol l;B(o~[y the boundary. 

Note that T^{f) converges to T{f) for A > goes to 0. However, the symbol in is a little more 
regular at the boundary S*^"^. The main question relies on the range of exponent p (depending on 
A and d) on which is LP(M'^) -bounded. The question remains open for any dimension d but is 
completely solved for d = 2 : 

Theorem 10.2 ([5]). For d = 2 and A G (0, 1/2], is LP {R'^) -bounded if and only if 

4 4 

3T2A r^^' 

We refer the reader to Section 10.2 in [17] for a modern review of this subject and point out this 
main idea : add regularity on the characteristic function at the boundary of the set in order to gain 
integrability of the multiplier. 

We aim to apply this same idea in our bilinear and current setting. So consider a set K C M? as 
in Theorem 10.1. The bilinear multiplier associated to the symbol Ik may be not bounded from 
LP X L'^ to L^, so we regularize this symbol at the boundary dK to get boundedness. 

Theorem 10.3. Let K he a compact set, set 

m{tv) ■.= XK{Lv)d{{Lv),K)^ 
with A > 0. and let {p,q,r) satisfy (10.2). 

(i) // dK is an Ahlfors regular curve in with "finitely bi-Lipschitz projections" , then for 
exponents p,q,r £ [2, 00) satisfying (10.2), 

(10.3) \\Tm{f,g)\\Lr' <C\\f\\LA\9\\L. 

(ii) If dK is a smooth curve with non-vanishing curvature, then for exponents p,q,r £ (l,oo) 

||r„(/,5)IL.' <C||/||lp||5||l.. 
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Proof. We only prove the first assertion. As previously, we can decompose the symbol mx 

m = TUn 
n>0 

with ?n„ a symbol supported in 
and for all integer d> 

IIV7i^™ II <r' o— Ann— dn 

||V m„||ioo(iR2) < 2 2 

As a consequence, we deduce from Proposition 5.1 that Tm„ is bounded from L*' x L*^ to U'' with 



-An 

and so T is bounded by summing with n > 0. □ 



\Tm„\\LPxLi^L^' ^ 2 



We let the reader to obtain the other boundedness (with taking other exponents p, q, r) according 
to the geometrical assumptions of the curve T. 

10.2. Singular symbols. Proceeding pretty much as in Section 10.1, one obtains the following 
theorem. 

Theorem 10.4. Let ^ be a smooth compactly supported function, T a smooth curve, and let 

m(r?,e) = 1>(?7,Odist((77,0,r)-" 
with a > 0. Suppose 2 < p,q,r < oo, and 

1 1 1 

a< - -\ \ 1. 

pgr 

Then Bm is bounded from U' x L'^ to U' . 

We could of course obtain corresponding statements for the whole range of exponents {p,q,r), 
with conditions on a depending on the properties of T. We chose to present only the case p,q,r > 2 
for the sake of simplicity. 

10.3. Bilinear oscillatory integral near a singular domain. Let : — )• R be a smooth func- 
tion, m be a smooth, compactly supported symbol, and consider the following bilinear oscillatory 
integral, 

Bt{f,g){x):= f f e-<^(«''')7(ir)(e)55r)(r/)m(e,r?)de^i^d., 

where / and g are functions on M"*" x M. Some multilinear integrals appear in the space-time 
resonances method, as explained in [15, 2] (see Subsection 1.5.4). 
The integration over s of the gives 



t if (^(e,r?) = 0. 



So let us consider the singular set 

S:=r\Q) :={(e,r?), </'(e,r?)=0} 

and assume that V(/> is not vanishing on F, in order that 5 is a smooth sub- manifold of dimension 
1. 

Assumption : Let us assume that for some exponents p, q, r, there exists p G (0, 1] such that for 
all small enough parameter e then 

(10.4) \\TmSf,g)\\L^'<elf\\L49\\L'> 



42 FREDERIC BERNICOT AND PIERRE GERMAIN 

as soon as is a symbol in or J\ff . 
Then we have the following result 

Proposition 10.5. Assume that the smooth symbol m is supported on for e < 1. Then, the 
operator Bt is uniformly bounded (with respect to e and T) from L'^L'^ x L'^L'^ into L'^U' as soon 
as 

TeP < 1. 

Proof. Using a partition of unity associated to 5, and covering as in the proof of 10.1 (for 
2^" < e), define for s £ [0,T] the bilinear multiplier with symbol 

an = e^^'^«''')xn(e,r/)m(e,r?), 

satisfying for all multi-index a: 

We let the reader check this estimate. Indeed, differentiation may make appear quantities bounded 
by 5^2"^^ with 6 + c < \a\ and in this case, we use that s <T < e~P < 2~^p < 2~", since p < 1. 
So by assumption, we know that i?" is bounded from LP X to L*" with 

WB^ifis, ■),g{s, < 2-n\fis, OIIl. 

< 2~^"||/||L^Lp||5r||z,^L<j. 

Then we can sum for n > with 2^" < e and we get for all t G [0, T] 

Jo i]R2 
< TeP\\f\\L^Lp\\g\\L^Li- 

This estimate is uniform with respect to t G [0,7"], so by taking the supremum over t we conclude 
the proof. □ 

Corollary 10.6. The bilinear multipliers 



ds 



{f,9)^ / e'''^^^''^^f{s,-){09{s,-){v)m{^,v)d^drids 

Jo J\<l}\<e 

are uniformly bounded from L'^U' x L^L'^ into L'^U' as soon as TeP < 1. 

Corollary 10.7. In particular for time-independent functions f,g, we get that the bilinear multi- 
pliers 

{f,g)^ [ [ e^^'^(^'^^m9iv)HC,v)dCd7jds 

Jo J\<p\<e 

are uniformly bounded from x L'^ into L^U' as soon as TeP < 1. 

Example 1. We would like to describe an example in the linear theory for showing that under 
assumption (10.4), we cannot expect a better result than the previous corollary. 
So consider the function cl){^) = and the corresponding linear operator 



f^ff e^'^^^^mmiOdCds. 

Jo J\(b\<e 



Let us see when T remains bounded as t — )• oo and e — t- 0. So consider a smooth function / then 
by a change of variables, it comes 

T.,t(/)(x) = / e-^/v^i:i|^t/(r?/V^)m(eM)^ 

J\ri\<Vte T Vt 

~t^cx, te7(0)m(0). 

6^0 
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So the limit can be defined only in as soon as te is bounded and f £ (to give a sense to 
/(O)). However let us now see when assumption (10.4) is satisfied in this particular setting. So we 
consider a smooth symbol at the scale e of (/>~^(0) = {0} and we estimate the multiplier 



m,(D)(/)(x) := J e-«/(0m,(0de 



Then, it comes that 



\m,iD)if)ix)\ 



\fiy)\- 



{l + e\x-y\)^^ 

for every large enough integer M. Consequently we get that m^{D) is bounded from to L°° with 
a bound controlled by e. So in this case, assumption (10.4) is satisfied for p = 1 with — )• L°° and 
we have checked that we can not expect a better result than the one described in Corollary 10.7. 
We could work with other spaces. For example, the previous computation gives that iTm^ is bounded 
from to L°° with a e^^^-bound. In this case, we have to bound the operator T^^t with the L^-norm 
of /, which can be done as follows 



< 



< 



i 



L2 



L°°(x) 



'I5I<^ 



L2- 



1/2 



Moreover, the previous inequalities can be indeed equivalent for some specific choices of m and /. 
So we recover that 

So one more time, we cannot obtain a better decay in e than the one described in Assumption 10.4. 

References 

[1] F. Bernicot, estimates for non smooth bilinear Littlewood-Paley square functions on R. Math. Ann. (2011), 
to appear . 

[2] F. Bernicot and P. Germain, Bilinear oscillatory integrals and boundedness for new bilinear multipliers. Adv. in 

Math. 225 (2010), 1739-1785. 
[3] J-M. Bony, Calcul symbolique et propagation des singularites pour les equations aux derivees partielles non 

lineaires. Ann. Sci. Eco. Norm. Sup. 14 (1981), 209-246. 
[4] H. J. Brascamp and E. Lieb, Best constants in Young's inequality, its converse, and its generalization to more 

than three functions. Advances m Math. 20 (1976), no. 2, 151-173. 
[5] L. Carleson and P. Sjolin, Oscillatory integrals and a multiplier problem for the disc. Studia Math. 44 (1972), 

287-299. 

[6] R. Coifman and Y. Meyer, Au dela des operateurs pseudo-differentiels. Astensque 57. Societe Mathematique de 
France, Paris, 1978. 

[7] A. Cordoba, A note on Bochner-Riesz operators. Duke Math. J. 46 (1979), no. 3, 505-511. 

[8] A. Cordoba, Multipliers of Euclidean harmonic analysis (Proc. Sem., Umv. Maryland, College Park, 

Md., 1979), Lecture Notes in Math., 779, Springer, Berlin, (1980), 162-177. 
[9] G. David and S. Semmes, Analysis of and on uniformly rectifiable sets. Mathematical Surveys and Monographs, 

38. American Mathematical Society, Providence, RI, 1993. 
[10] G. Diestel and L. Grafakos, Unboundedness of the ball bilinear multiplier operator. Nagoya Math. Journ. 185 

(2007), 151-159. 

[11] K. J. Falconer, The geometry of fractal sets. Cambridge Tracts in Mathematics, 85 Cambridge University Press, 
Cambridge, 1986. 

[12] C. Fefferman and E.M. Stein, Some maximal inequalities, Amer. J. Math. 93 (1971), 107-115. 

[13] C. Fefferman, The muhiplier problem for the ball. Ann. of Math. 94 (1971), 330-336. 

[14] C. Fefferman, Inequalities for strongly singular convolution operators. Acta Math. 124 (1970), 9-36. 



44 



FREDERIC BERNICOT AND PIERRE GERMAIN 



[15] P. Germain, Space-time resonances, available at 

http: //www. cims .nyu. edu/~pgermain/indexenglish.html. 

[16] Germain, P.; Masmoudi, N.; Shatah, J., Global solutions for the gravity water waves equation in dimension 3, 
arXiv:0906.5343. 

[17] L. Grafakos, Classical and Modern Fourier Analysis, Pearson Education, 2004. 

[18] L. Grafakos and J.M. Martell. Extrapolation of weighted norm inequalities for multivariable operators and 

applications. Journ. Geom. Anal. 14 (2004), no. 1, 19-46. 
[19] L. Grafakos and X. Li, Uniform bounds for the bilinear Hilbert transform I. Ann, of Math. 159 (2004), no. 3, 

889-933. 

[20] L. Grafakos and X. Li, The disc as a bilinear multiplier. Journ. Amer. Math. 128 (2006), no. 1, 91-119. 
[21] Y. Guo and B. Pausader, Global Smooth Ion Dynamics in the Euler-Poisson System. Comm. Math. Phys., to 
appear. 

[22] S. Gustafson, K. Nakanishi and T.P. Tsai, Scattering theory for the Gross-Pitaevskii equation in three dimensions. 

Commun. Gontemp. Math. 11 (2009), no. 4, 657-707. 
[23] G.H. Hardy and J.E. Littlewood, Some properties of fractional integrals (I and II). Math. Z. 27 (1927), 565-606 

and 34 (1932), 403-439. 

[24] C.S. Herz, Fourier transforms related to convex sets. Ann. of Maths. 75 (1962), no. 1, 81-92. 
[25] J.L. Journe, Calderon-Zygmund operators on product spaces. Rev. Mat. Iberoamericana 1 (1985), no. 3, 55-91. 
[26] C. Kenig and E. Stein, Multilinear estimates and fractional integration. Math. Res. Lett. 6 (1999), no. 1, 1-15 
[27] M. Lacey and C. Thiele, estimates on the Bilinear Hilbert Transform. Proc. Nat. Acad. Set. USA 94 (1997), 
33-35. 

[28] M. Lacey and C. Thiele, U" estimates on the bilinear Hilbert transform for 2 < p < oo. Ann. of Math. 146 
(1997), 693-724. 

[29] M. Lacey and C. Thiele, On the Calderon conjectures for the bilinear Hilbert transform. Proc. Nat. Acad. Sci. 

USA 95 (1998), 4828-4830. 
[30] M. Lacey and C. Thiele, On Calderon's conjecture. Ann. of Math. 149 (1999), 475-496. 
[31] M. Lacey. Issues related to Rubio de Francia's Littlewood-Paley Inequality. NYJM Monographs 2 (2007). 
[32] X. Li, Uniform bounds for the bilinear Hilbert transform II. Rev. Mat. Iberoam. 22 (2006), no. 3, 1069-1126. 
[33] E. Lieb, Gaussian Kernels have only Gaussian Maximizers. Inventiones Mathematicae 102 (1990), 179-208. 
[34] J. Marcinkiewicz and A. Zygmund, Quelques inegalites sur les operations lineaires. Fund. Math. 32 (1939), 

112-121. 

[35] J.L. Rubio de Francia, A Littlewood-Paley inequality for arbitrary intervals. Rev. Mat. Iber. 1 (1985), no. 2, 
1-14. 

[36] E. Stein, Harmonic analysis : Real variable Methods, Orthogonality, and Oscillatory Integrals. Princeton Univ. 
Press, (1993). 

[37] T. Tao, Multilinear weighted convolution of functions, and applications to non-linear dispersive equations. 
Amer. J. Math. 123 (2001), 839-908 

Frederic Bernicot - CNRS - Universite Lille 1, Laboratoire de mathematiques Paul Painleve, 59655 

ViLLENEUVE D'ASCQ CeDEX, FrANCE 

E-mail address: frederic.bernicot@math.univ-lillel.fr 

Pierre Germain - Courant Institute of Mathematical Sciences, New York University, 251 Mercer 
Street, New York, N.Y. 10012-1185, USA 
E-mail address: pgermain@cims.nyu.edu 



